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Abstract

It is convenient and effective to solve non-linear problems with models that have a

linear-in-the-parameters (LIP) structure. However, due to the unknown significance of

each non-linear function, a large number of model terms are usually required for accept-

able approximation of the underlying relationships. Stepwise forward subset selection

methods, such as orthogonal least squares (OLS) or the fast recursive algorithm (FRA),

provide efficient techniques to choose only significant terms for inclusion in the final

model. However, these selection procedure involves a constrained optimization, since

previously selected terms introduce a prior while calculating the contribution of a new

one. A two-stage selection (TSS) method has previously been proposed to address this,

in which the significance of each selected term is reviewed at a second model refinement

stage, and all insignificant ones are replaced. The efficiency of the FRA algorithm is

also retained in TSS. The main purpose of this thesis is to effectively integrate other

optimization techniques into two-stage selection for compact LIP model construction.

As the significance of each model term is based on its contribution to the cost function,

which is the sum-squared-error (SSE) in most cases, the resultant model may fit the

noise, leading to unnecessary complexity and poor generalisation. Bayesian regulari-

sation has been proven to be useful in preventing the over-fitting. This is achieved by

assigning each term a hyper-parameter, with the most probable value being learned from

the data. Large values of such hyperparameters will force the associated model coeffi-

cients to be near zero, with the corresponding terms being eliminated from the model.

Instead of evaluating the significance of model terms on training data, cross-validation

calculates their contributions on test data, leading to more reliable optimization of the

model structure. In this thesis, the Bayesian regularisation and leave-one-out cross

validation are first incorporated into the two-stage selection algorithm, resulting in an

advanced subset selection approach.

Another issue in linear-in-the parameters model construction is that the non-linear pa-

rameters (e.g. the width of Gaussian function in an RBF network) have to be pre-

determined either by exhaustive search or from prior knowledge. Non-optimal values of

such parameters will inevitably cause poor performance and increase of the number of

model terms required. While gradient-based methods can be utilized to optimize such

parameters, the computation involved may become unacceptable. By contrast, heuristic

approaches can find optimal values within populations of randomly generated solutions

with much less computational efforts. In this work, particle swarm optimization (PSO)

and differential evolution (DE) are employed to assist the two-stage selection approach.

As the most effective and efficient of the recent heuristic optimization techniques, the
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recently proposed extreme learning machine (ELM) is also combined into the same se-

lection procedure.

The advantages of all newly proposed algorithms are confirmed both in simulation (in-

cluding both non-linear system modelling and classification) and with practical exam-

ples.
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Chapter 1

Introduction

Mathematical descriptions of real systems are of fundamental importance in all disci-

plines. Depending on the particular application, a properly developed model can be

used for predicting or simulating a system’s behaviour, obtaining a better understand-

ing of the real system, designing, optimizing or supervising processes or detecting and

diagnosing any fault.

As the solutions to the above problems rely highly on the model’s quality, advanced

modelling and identification schemes are widely studied. Basically, a first principles

mathematical model is always preferred. Unfortunately, the increasing complexity of

many real systems means it is difficult to derive the necessary model mathematically.

Data-driven modelling therefore becomes a more realistic option for both academic re-

search and industrial applications.

A special area of data-driven modelling is classification which relies highly on precise

mathematical description. Though linear approaches have been thoroughly studied,

non-linear problems are the most common in practice. One useful method is to use

a kernel approach which maps the original data samples into some high-dimensional

feature space and then to solve the classification linearly. Here, the non-linear mapping

function does not need to be known exactly, as only inner product of the mapped data

is required. Furthermore, kernel based classification can be transferred into a least-

squares framework; with subset selection then employed to produce a compact classifier

that generalises well on fresh data.
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Chapter 1. Introduction Data-driven modelling

In this chapter, the basic concept of data-driven modelling will be first described, fol-

lowed by the special kernel approach to classification. A literature review covering both

model complexity optimization and subset selection will be given in §1.3. Finally, §1.4

will present the research scope and aims of the thesis.

1.1 Data-driven modelling

Data-driven modelling is a method that is solely based on the analysis of all the mea-

sured data. The resultant model only illustrates the connections between system state

variables (input, internal and output variables) using only a limited number of assump-

tions about the “physical” behaviour of the system [3]. Compared to first principles

modelling, a data-driven model does not demand much expert knowledge, and the cost

in building such a model is lower. However, the constructed model is then less accurate

than one from first principles, and its parameters normally do not have any physical

meaning. As a result, a data-driven model can be regarded as a black-box one in prac-

tical applications. Table 1.1 compares these two methods.

Table 1.1: Comparison of first principles and data-driven modelling

Model Advantages Drawbacks

Data-driven Lower cost; Less precise;
Fast; Training data required;
Little, if any, prior knowl-
edge;

Parameters are meaning-
less;

First principles More precise; Higher cost;
Independent of data; Requires significant prior

knowledge;
Parameters are meaningful; Difficulty is proportional to

process complexity

The major goal of non-linear system modelling is to find a mathematical representation

that describes the process as closely as possible. Thus, the training data set should

contains enough information to cover the system’s behaviour. The choices of the inputs

and the model architecture are the most important but difficult aspects, both which also

depend heavily on prior knowledge. The model’s quality is typically measured by some

function of the error between the process output and the model prediction as illustrated

in Figure 1.1.
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Real system

Data-driven
     model

Figure 1.1: Data-driven modelling and identification

The major steps that have to be performed for a successful data-driven modelling can

be summarised as follows [4]:

• Choice of model inputs: This is typically realized with the help of prior knowl-

edge. However, as the system becomes more complex, the number of potential

model inputs increases, which makes it difficult to analyse the influence of dif-

ferent variables. In this case, tools for input selection might be helpful. Possible

choices are unsupervised clustering (e.g. principal component analysis (PCA)) and

supervised input selection (e.g. correlation analysis, tree-structured construction

[5]).

• Choice of excitation signals: The measured data set is the most important source

of information in data-driven modelling. Process behaviour that is not represented

within the data set cannot be described by the model. Prior knowledge is therefore

required in designing the input signals so that the process can be thoroughly

excited. Further, when the collected data points are rich on a few particular

regions but sparse on others (or there are many more instances of some classes

than others [6, 7]), special strategies may be required to treat the unbalanced

data.

• Choice of model architecture: This is normally determined by the purpose of mod-

elling. The model for controller design is different to one for pattern recognition.

Prior knowledge is also required at this stage. Basically, a linear model should be

considered first. Non-linear models are only employed if the linear one cannot pro-

duce the desired accuracy. Occam’s razor principle also states that unnecessarily

complex models should not be preferred to simpler ones [8]. Furthermore, other

related aspects, such as the amount of data available, the model construction time,
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on-line or off-line usage, availability of tools or even customer acceptance, should

be taken into account in the choice of model architecture.

• Choice of dynamics order: Dynamics may need to be included in the data-driven

model while either internal or external dynamics approaches can be used, the

latter is more common [9]. Prior knowledge may again be required here. In

practice, the model order is very difficult to select as too low a value will miss

some dynamics, while too high a value will significantly increase dimensionality.

The trade-off between the errors introduced by neglected dynamics and model

structure mismatch therefore needs to be addressed.

• Choice of model structure and complexity: This is a fertile area for research. In au-

tomatic structure optimization, approaches such as orthogonal least squares (OLS)

for a linear-in-the-parameters (LIP) model or some population-based algorithm for

a non-linear parameterised model can usefully be employed. However, some tun-

able parameters (e.g. the learning rate, the population size or the number of

repeated learning cycles) in more advanced approaches need to be pre-determined.

Trial-and-error or prior knowledge is then required to properly select such values.

• Choice of model parameters: This is the easiest step in data-driven modelling

as parameter optimization is a mature subject. With automatic model structure

optimization, the parameters are normally obtained simultaneously.

• Model validation: This is achieved by testing any model on a separate fresh dataset.

If the amount of modelling data available is small, cross-validation can be useful, so

that all the available data is used for model training. Other test may be performed

to further analyse the trained model, such as investigating the model response to

varying step inputs.

The non-linear data-driven modelling process shown in Figure 1.2 is a challenging process

as model failure can be produced by any of the steps involved. Normally, the demand

for prior knowledge is higher at the beginning, decreasing as the model develops.
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Start

Select inputs

Design excitation signal
      and collect data

Choose model architecture

Determine model dynamic

Optimize model structure

Estimate parameters

Model Validation

Acceptable?

End

No

Yes

Figure 1.2: The data-driven modelling process

1.2 Kernel approach for classification

Classification is the problem of identifying the sub-population to which a new observation

belongs. As a universal technique, classification has been widely applied in statistical

analysis, pattern recognition and machine learning [10].

The procedure of building a classifier is similar to data-driven modelling, except that

an additional step is required to determine the associated classes for each data sample.

This can be achieved empirically or learned from the data collected. Furthermore, most

techniques are originally proposed for two-class classification, while their generalized

variants may be used for multi-class cases [11]. Nevertheless, two-class classification still

covers a wide range of practical applications, so only two-class classification is discussed

here.
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The classifier is normally developed based on the object’s characteristics (also known as

features). Early work was mainly concentrated on a linear classifier, non-linear solutions

are the major interest nowadays. More specifically, a linear classifier is defined as one

where the classification decision is made based on the value of a linear combination of the

characteristics. The best known method is linear discriminant analysis (LDA), which

assumes that the collected data samples are normally distributed in each class. Fisher’s

linear discriminant [12] is derived from LDA.

Clearly, a linear discriminant may not be complex enough for real world applications.

More sophisticated methods are available for non-linear problems, such as neural net-

works [13]. However, by using the kernel approach a linear discriminant can still be

employed for non-linear classification [14].

The kernel idea was originally proposed for support vector machines (SVM) [15, 16] and

non-linear principal component analysis (NPCA) [17]. It maps the input data into a

high (or even infinite) dimensional feature space where the original problem becomes

linear. The so-called kernel trick is involved here as the non-linear mapping function

doesn’t need to be known explicitly. The algorithm only uses dot products (also known as

kernels) of the mapped data, instead of their explicit position in the feature space. Figure

1.3 illustrates the non-linear projection. Possible choices for kernel are the Gaussian

radial basis function (RBF) or a polynomial function [14].

Figure 1.3: Non-linear mapping in kernel approach

Fisher’s linear discriminant can also be easily generalized to non-linear classification us-

ing such a kernel projection [11], leading to the more flexible kernel Fisher discriminant

(KFD) [14]. The main issue that affects practical implementation is the computational
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complexity which scales with the number of training samples. Thus, KFD is not recom-

mended for use on large data sets.

One solution is to transform KFD into a least-squares problem [18], and then to adopt

a sub-model selection algorithm, such as orthogonal least squares (OLS) [19, 20] or the

fast recursive algorithm (FRA) [21], to produce a compact classifier [18, 22]. Bayesian

regularisation and leave-one-out cross-validation, to be discussed in the next section,

can also be employed to further improve the classifier sparsity.

1.3 Literature review

As the main purpose of non-linear data-driven modelling is to produce as simple as pos-

sible a mathematical representation which still generalizes well on fresh data. According

to the data-driven modelling process shown in Figure 1.2, model optimization is relevant

at each step, from input selection right through to model validation. This section will

present a brief literature review of techniques used for non-linear modelling.

The first step is to select appropriate input variables. Insignificant or redundant sig-

nals may lead to problems with high-dimensional approximations as a large number

of parameters need to be optimized. The training time may also become unacceptable.

Choosing only the relevant input signal set for a non-linear system is therefore necessary,

especially in neural network modelling.

In order to pre-analyse the relationship between system variables and an output, mu-

tual information has been proposed to characterise the dependency between a potential

input and the output variable by measuring the variables’ contribution to the entropy

decrease [23]. An extension of mutual information to multi-outputs was illustrated in a

reported water resources application [24]. However, if the redundancy parameter β in

mutual information is too large, the algorithm will only consider the relation between

inputs and doesn’t reflect the input-output relation well. An improved version of mutual

information was then proposed by incorporating the Taguchi method [25]. Other alter-

natives for input selection are heuristic techniques, sensitivity analysis, or even expert’s

knowledge [24, 26] which were mainly proposed for feature selection in classification.
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Subset selection approaches can also be employed for input selection. This is achieved

by dividing the input space into sub-groups, a linear-in-the-parameters (LIP) model is

then formed and the selection algorithm is employed to identify the significant subset of

input variables [27–29].

With the input variables selected, experimental data can now be collected under a series

of excitations to the true system. The measured data produced should be dynamically

rich enough to cover entire operating region of the plant. A well designed input signal

can reduce the amount of data required for model training, but also can improve the

validity of resultant model [30]. The commonly applied excitation signal is a random

amplitude one which consists of a uniformly distributed random frequency, such as the

widely employed pseudo-random binary sequence (PRBS). Such random signal has also

been proven to be more suitable than a simple binary one to exercise the process over

the desired operating range [31]. An attractive alternative is the generalised binary

sequence (GBS) which offers the ability to locate the frequency of interest [32]. A

min-max robust optimal experiment design (OED) method has also been developed for

system identification [33]. This is based on statistical analysis of the model parameters

estimated from the data, and it has been shown to be superior to PRBS. Another

similar alternative is the sequential optimal experiment design achieved by utilizing the

conditional probability density function of parameters [34].

The most challenging steps in data-driven modelling are model structure determination

and optimization. Here, theories for linear time invariant system identification are well

established. Typical linear models used include polynomial, autoregressive with exoge-

nous inputs (ARX), autoregressive moving average with exogenous input (ARMAX),

output error (OE), state space models [35, 36], and finite impulse response (FIR) repre-

sentations [4]. The related optimization approaches cover least-squares, recursive least

squares and subset selection. Continuous-time identification [37–39] and subspace iden-

tification method are also available. The former provides a better insight into the system

properties while the latter is more suitable for multivariable systems.

For non-linear systems, neural networks have been widely used as universal approximater

[40–42]. Commonly used types are the multilayer perceptron (MLP) network and the

radial basis function (RBF) network. a more advanced alternative is the neuro-fuzzy

architecture which has the advantage of interpretability in terms of rules [41].
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Linear models can be extended to non-linear systems by replacing each term in the model

with a non-linear function, resulting in a linear-in-the-parameters (LIP) structure. One

advantage of a LIP model is that the structure can be optimized by subset selection

approaches. Other optimization techniques, such as regularisation and cross validation,

can also be incorporated here to produce a more compact non-linear LIP model.

1.3.1 Subset selection

In practice, a simple model with satisfactory accuracy is preferred. Unfortunately, a large

number of non-linear terms are normally required in data-driven modelling as little is

known about the true underlying relationships [43]. This results in a lot of model terms

being insignificant in the overall representation. Such redundant terms may also cause

the regression matrix in least-squares estimation to be non-singular, leading to large

variance errors in the parameter estimates.

Ridge regression was an early proposal for reducing such variance [44, 45]. The idea is

that significant terms usually have a large eigenvalue in the Hessian matrix (or infor-

mation matrix), a small positive number is added to all diagonal entries of the Hessian

matrix. This addition influences the large eigenvalues negligibly while small eigenval-

ues are changed to be near to the added number. The matrix condition can then be

improved with the parameters of unimportant terms being driven toward zero. Due to

the introduction of an additional term, ridge regression inevitably introduces a bias in

parameter estimation. However, the estimate variance can be significantly reduced. It

has been proven that even a small positive value of the addition number can help to

improve the model generalization performance [44].

Subset selection is another alternative widely used nowadays [46]. It improves the model

sparsity by choosing only important terms to be included in the final model. The

number of significant terms is usually far less than the original size. Generally, there

are two restrictions in applying subset selection techniques. First, the model has to be

linear in the parameters. This covers a large range of non-linear model types, including

polynomials, non-linear autoregressive with exogenous inputs (NARX), non-linear finite

impulse response (NFIR), radial basis function (RBF) network, B-spline neural network,

generalised single hidden layer neural network and even a support vector machine (SVM)

classifier. Secondly, the regression matrix which contains the candidate terms must be
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precomputed. The significance of each model term can then be evaluated through their

reduction to the cost function (e.g. sum-squared error (SSE) or cross-validation error).

Currently, three categories of methods can be adopted for subset selection: forward se-

lection, backward elimination and stepwise selection. Forward selection starts with an

empty model and significant terms are continuously selected at each step until some

criterion is met. The most popular approach is orthogonal least squares (OLS) [19, 20]

which was derived from an orthogonal (or QR) decomposition of the regression ma-

trix. The elegance of the OLS approach lies in the fact that, the contribution of each

candidate term to the cost function can be explicitly formulated. The orthogonaliza-

tion method involved can be Gram-Schmidt, modified Gram-Schmidt, Householder or

Givens transformations [47]. Though OLS can significantly reduce the computational

complexity in subset selection, the original OLS is not efficient enough. A number of fast

orthogonal least-squares algorithms have therefore been proposed to improve efficiency

[28, 48, 49]. Another alternative forward selection method is the recently published fast

recursive algorithm (FRA) [21] which has proven to be more efficient and stable than

OLS. In FRA, the computational effort is reduced by introducing a residual matrix that

can be updated recursively. Further, both OLS and FRA can be easily extended for

multi-output systems by using a Frobenius norm in the cost function [50, 51].

The backward elimination approach is not as popular as forward selection due to its high

computational requirement. The algorithm starts with a full size model including all the

possible terms, and removes the least significant one at each step. Basically, backward

elimination is useful only when the number of insignificant terms is small [52, 53].

The combination of forward selection and backward elimination gives the so-called step-

wise selection [54–56]. At each step, the selected terms will first undergo some statistical

significance test with those regarded as insignificant removed. A new term is then added

based on the selected ones. Though this stepwise selection can produce a better model

than the alternatives, it is overly complicated and computationally expensive. An ex-

ception here is the newer two-stage selection (TSS) method [57].

In TSS, an initial model is first constructed by the FRA where the contribution of a

particular term of interest is measured by its reduction in an appropriate cost function.

The significance of each selected term is then reviewed at a second stage of model

refinement, and insignificant terms are replaced. Specifically, if the contribution of a
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previously selected term is less than any from the candidate pool, it will be replaced with

this candidate one. Thus, the cost function can be further reduced without increasing

the model size. This checking cycle is iterated until no insignificant model term exists in

the trained model, resulting in an optimized model structure with improved performance

According to above description, both ridge regression and subset selection can be em-

ployed to select the significant model terms. Ridge regression removes irrelevant terms

by forcing their parameters close to zero (data has to be normalized in pre-processing),

while subset selection picks the important terms by evaluating their contributions to the

cost function. In many applications, model selection based on ridge regression yields a

better result than from forward selection, because it utilizes information from all the

regressors simultaneously. Forward selection only performs a constrained minimization

at each step science the order of previously selected terms introduces a prior in calcu-

lating the contribution of any new ones. However, ridge regression is not really suitable

for a large potential model due to the high computational effort involved. By contrast,

forward selection is more efficient and can be used on large models. Nevertheless, the

regularisation technique can be integrated into subset selection to further improve the

model compactness and generalization. The next section will discuss this in detail and

present a review of relevant techniques in model complexity optimization.

1.3.2 Model complexity optimization

It is very hard to define the model complexity in practice. A model that looks simple

from an engineering point of view might be complex in the eyes of an economist, for

example. The complexity may also be regarded as the computation time in some areas.

Here, in data-driven modelling, complexity is related to the number of parameters that

the model possesses [4]. For a linear-in-the-parameters model, it is the number of terms

included. Additionally, over-fitting happens when a model is built to be too complex and

under-fitting refers to a model that is too simple. As a simple model with satisfactory

accuracy is always preferred, it is better to analyse the relationship between model

performance and its complexity.

Generally, a data-driven modelling process involves three different data sets: training

data, validation data and test data. A series of models are optimized on the training

data. The one that performs best on validation data will then be selected. Finally, to
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ensure that the selected model generalizes well on fresh data, the best model undergoes

an evaluation on a third test data. In subset selection, the series of models are those

with increasing complexity (e.g. the RBF network with an increasing number of hidden

nodes). Therefore, the training and validation data are the same. Generally, an over-

fitted model has a smaller training error and a large test error, while an under-fitted one

performs worse both on training and test data.

Technically, the model error can be decomposed into two parts: a bias error and a

variance error [4] (more details will be given in Chapter 2). Building a simple model

would produce a large bias error and low variance error, while a complex model has a

lower bias, but a high variance error. Finding the optimal complexity involves a trade-

off between these two types of errors [58–60]. Normally, the same data is used for both

model estimation and selection. This means that only the bias error is reflected in the

training error as measured by the sum-squared error (SSE). The SSE always decreases

when a new term is added to the model. A criterion is then required to terminate the

selection procedure.

For this purpose, the most widely applied method is the information criterion where a

complexity penalty term is introduced. The additional term acts as an approximator

of the variance error and increases as more terms are included in the model. There are

a number of criteria, such as Akaike’s information criterion (AIC) [61], final prediction

error (FPE) and the Bayesian information criterion (BIC) [62]. However, most infor-

mation criteria contain a tuning parameter that has to be carefully chosen by the user.

Such a parameter is application dependent and a different value yields a different model

complexity. Thus, the information criteria only provides a way of stopping the selection

procedure, but the stop point itself may well vary.

Clearly, the best way to evaluate modelling performance is to test on a separate data

set where both bias and variance errors are covered. This involves splitting the available

amount of data into training, validation and test sets. Practically, this is often not

possible as the amount of data available is often limited, so it is desirable to use all the

data available to train the model without sacrificing any generalization performance. A

typical way of doing this is to employ cross-validation. The training data set is split

into S parts. At each step, S − 1 parts of the data are used for model training, and the

remaining single part is reserved for model validation. This procedure continues until all
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possible combinations of these data set parts have been applied [63–65]. The modelling

error is then the average of the S test errors. The cost of using cross validation is an

increased computational effort as S cycles of training and validation are involved.

The extreme case of cross-validation is known as the leave-one-out (LOO) method,

where only one sample is used for model validation and the rest is left for training. Here,

modelling error is measured by the predicted-residual-sums-of-squares (PRESS) statistic

(or LOO error) [66]. By using LOO cross-validation, model terms are now selected

based on their reduction in the LOO error, and the selection procedure automatically

terminates at the point where the LOO error starts to grow. Though this approach can

achieve improved model generalization, its computational complexity is again extremely

high. In fact, it is feasible only for a very small data set, because the computational

effort is proportional to the total number of data samples. However, if the model has a

linear-in-the-parameters structure, it has been shown that LOO error can be calculated

without splitting the data set explicitly [66, 67]. Chapter 3 will discuss the use of

leave-one-out cross validation in more detail.

Another model structure optimization method is the regularisation technique which

penalizes spurious model parameters while effective parameters are not changed. The

idea comes from the assumption that a smooth model is more acceptable in practice

since abrupt steps, instantaneous changes or non-differentiable relationships are not

likely to happen in the real world. The ridge regression mentioned in the previous

section is the simplest form of regularisation. Another well-known alternative is Bayesian

regularisation [8, 68] which involves an iterative learning framework in looking for the

optimized regularisation parameters.

For a linear-in-the-parameters model, Bayesian regularisation can be incorporated to

improve the model compactness and generalisation. Specifically, each model term is

assigned a prior hyperparameter, and the most probable values of these hyperparameters

can be iteratively estimated from the data. In practice, the posterior distribution of the

coefficients of irrelevant terms are sharply peaked around zero [68]. Therefore, those

regressors that are mainly due to the noise have a large values for the hyperparameters,

their corresponding coefficients being forced near to zero. Sparsity is then achieved by

removing such irrelevant terms from the trained model.
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Due to the attractive learning nature of Bayesian regularisation, several additions have

been suggested for non-linear model construction, including the relevance vector ma-

chine (RVM) [68], uniformly regularized orthogonal least squares (UROLS) [69] and

locally regularised orthogonal least squares (LROLS) [70]. The efficiency of orthogonal

decomposition of the regression matrix makes OLS and related approaches the most

popular choices. However, unlike Bayesian regularisation, the regularizer in LROLS di-

rectly affects the intermediate parameters due to the orthogonalisation. The difference

between the actual model coefficients and these intermediate parameters may in fact

cause instability in the updating procedure. By contrast, the incorporation of Bayesian

regularisation in the fast recursive algorithm (FRA), or in two-stage selection does not

have that problem. A locally regularised two-stage selection algorithm will be presented

in chapter 3.

Though the leave-one-out cross validation and Bayesian regularisation can help to im-

prove the model sparsity, the resultant model is still not optimal due to the pre-

determined non-linear parameters. For instance, in conventional RBF network construc-

tion, the centre width vectors have to be pre-determined either by prior knowledge or by

exhaustive search. The placement of the RBF centres is also limited to the data samples

while an optimal centre may exist nearby. As a result, more model terms are often

required to achieve a satisfactory accuracy. To overcome these problems, gradient-based

methods have been introduced into subset selection [71, 72]. These hybrid methods can

reduce the network size and improve the network performance, but the computation

complexity is inevitably increased simultaneously.

Better solutions are the robust and efficient heuristic approaches, such as simulated

annealing (SA) [73], evolutionary algorithm (EA) [74], Tabu search (TS) [75], particle

swarm optimization (PSO) [76], differential evolution (DE) [77], ant colony optimization

(ACO) [78] or harmony search (HS) [79]. Unlike conventional calculus-based methods,

heuristic approaches randomly generate some new solutions from which the best one is

selected. A brief review of these algorithms are now follows:

• PSO - It is a popular version of swarm intelligence which was originally proposed in

1995 [76]. Swarm intelligence introduces a large number of unsophisticated entities

that cooperate to exhibit a global behaviour. The inspiration for this comes from

the observations of social insects such as ants, bees and birds. It shows that,
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although a single member of these societies may be an unsophisticated individual,

collectively they are able to achieve complex tasks by working in cooperation.

As a derivative of swarm intelligence, particle swarm optimization has been widely

applied to optimization problems ranging from scheduling, neural network training

and task assignment, to highly specialized applications [80, 81]. The popular

OLS technique has also been revised to utilize PSO to optimize the non-linear

parameters [82, 83].

Though PSO has been widely used, the analysis of the convergence behaviour

of a swarm of multiple interactive particles is still problematical [84, 85]. Some

improvements have also been proposed to increase the convergence, such as the in-

troduction of an inertia weight in velocity updating [86, 87] and adaptively varying

coefficients [88]. In chapter 4, particle swarm optimization will be incorporated

into two-stage selection to produce a compact non-linear system model.

• DE - This is a stochastic, population-based evolutionary algorithm proposed to

optimize real parameter, real valued functions [77, 89]. Basically, there are three

steps in DE for generating a new solution: first, mutated vectors are produced by

adding the weighted difference vector between two population members to a third

member; then the trial vectors are created by the crossover operations between the

vectors of the current generation and the mutated ones; finally, a new population

is generated by selecting the significant vectors between the trial vectors and the

original solution vectors; Generally, DE is simpler than PSO and also easier to

implement as fewer parameters need to be adjusted.

In order to enhance the performance of the basic DE method, many variants have

been studied [90]. Though the convergence of DE has still not been proven, there

has been considerable effort to improve its convergence, such as the opposition-

based DE [88] and self-adaptive DE [91]. The use of deferential evolution along

with two-stage selection will be presented in chapter 4.

• ACO - This is another optimization technique inspired by swarm intelligence. In

nature, ants lay more pheromone over the shortest route when moving between the

food and their nest. Such indirect form of communication leads to the cooperation

between a population of ants. As a stochastic combinatorial optimization method,

ACO has many attractive features, such as rapid discovery of a good solution (also
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known as positive feedback), distributed computation which prevents premature

convergence, and the use of a constructive greedy heuristic to find acceptable

solutions at an early stage of the search process [78, 92]. Successful applications

of ACO include the traveling salesman problem (TSP), the quadratic assignment

problem (QAP), scheduling, vehicle routing (VRP), telecommunication networks,

graph colouring, and water distribution networks [93].

• HS - This is a music inspired optimization algorithm [94]. Harmony search tries

to mimic the improvisation of musicians. The best state of musical performance

is usually determined by an aesthetic estimate, which is similar to searching for

an optimal solution based on a specified objective function. The algorithm starts

with a harmony memory (HM), from where a new harmony is improvised. If the

new harmony is better than the minimum one in HS, it will replace it. An optimal

solution is then obtained by repeated improvisation, comparison and substitution

[79, 95]. Harmony search can also be applied to a wide range of combinatorial

or continuous problems, and has proven to outperform existing mathematical and

heuristic methods in some cases [96].

Recently another efficient and effective model construction scheme, extreme learning ma-

chine (ELM), has also been proposed [97–100]. In an ELM, all the non-linear parameters

are randomly chosen independent of the training data. Model estimation is thus trans-

formed into a standard least-squares problem, leading to a significant improvement in

the learning speed. It has been proven that the LIP model with such randomly generated

non-linear parameters can approximate any continuous target function [100]. Further,

the ELM has been extended to a much wider class of model terms, including fuzzy rules

as well as additive nodes [98]. The main issue of ELM is that the resultant model is not

compact. Some of the terms can be unimportant to the model’s interpretability due to

the stochastic process. Thus, a sparse model with a satisfactory accuracy needs to be

further optimized. Subset selection is the best approach so far to deal with this issue.

In Chapter 4, the combination of ELM with two-stage selection will be presented.
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1.4 Research scope and aims

Non-linear system identification covers a broad research area, while data-driven mod-

elling is the major approach widely applied. As the objective of non-linear system

modelling is to produce a mathematical description which is as simple as possible while

still approximating the process to a desired accuracy, model optimization becomes the

main research of interest in system identification. While much research concentrates on

well-known non-linear models, such as neural networks and neuro-fuzzy systems, this

thesis will only consider linear-in-the-parameters (LIP) models for non-linear system

modelling and classification.

The main issue with a LIP model is the non-compactness as more terms are usually

required to reach an acceptable accuracy. Ridge regression can be adopted to suppress

insignificant model terms, but it is not the preferred technique due to the high compu-

tational effort involved. Another alternative is the subset selection method, such as the

popular orthogonal least squares (OLS) and the more recent fast recursive algorithm

(FRA). An efficient stepwise selection algorithm, two-stage selection (TSS), has also

been presented for a compact model construction. The work in this thesis is based on

the TSS algorithm. New advanced two-stage selection methods are developed by in-

corporating other model optimization techniques, including Bayesian regularisation and

leave-one-out cross validation.

To further improve model generalisation capability, heuristic approaches are also inves-

tigated in this thesis to optimize non-linear parameters which have to be pre-determined

in conventional model construction. The employed heuristic approaches used are particle

swarm optimization (PSO) and differential evolution (DE). Another similar alternative

is the extreme learning machine (ELM) which provides a fast and effective scheme for

building LIP models. Two-stage selection is again utilized to improve the compactness

of models from an extreme learning machine.

The main aims of this thesis can therefore be summarised as follows:

• To review existing techniques used for non-linear data-driven modelling.

• To investigate model optimization techniques, especially the regularisation and

cross validation methods.
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• To integrate Bayesian regularisation and leave-one-out cross validation into two-

stage selection for compact LIP model construction.

• To incorporate heuristic approaches, including PSO, DE and ELM, to two-stage

selection for non-linear parameters optimization.

• To apply developed algorithms to both non-linear system modelling and classifi-

cation.

1.5 Outline of thesis

This research mainly deals with advanced two-stage selection algorithm for linear-in-the-

parameters models. With the relevant literature being introduced here, the structure of

the remaining chapters in this thesis are now outlined.

Chapter 2 introduces the background mathematical theory of both linear-in-the-parameters

models and optimization techniques. The structure of radial basis function (RBF) net-

work is first described, followed by the kernel discriminant analysis which can also

be converted into a LIP model. Additionally, basic theories of Bayesian regularisa-

tion and leave-one-out cross validation are presented in this chapter. Finally, heuristic

approaches, including particle swarm optimization, differential evolution and extreme

learning machine, are mathematically described.

Chapter 3 focuses on advanced two-stage selection (TSS) algorithms. The extension of

original TSS to multi-output system is first presented. Then the integration of Bayesian

regularisation and leave-one-out cross validation to two-stage selection are given in detail,

including the computational complexity analysis, instruction for coding, and a flowchart

for each algorithm.

Chapter 4 presents the combination of two-stage selection with three heuristic ap-

proaches. Similarly, mathematical details of each algorithm are given, together with

computational complexity analyses and flowcharts for better understanding.

In Chapter 5, the performances of developed methods are evaluated on some well-known

benchmarks. Both non-linear system modelling and classification problems will be in-

cluded. With the experiment results been given, further analyses are presented to eval-

uate the usage of each algorithm.
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Chapter 6 provides the evaluations of developed algorithms on real-world data sets,

including fault detection for automotive engine and modelling of polymer extrusion

process.

Finally, the research contributions are summarised in Chapter 7, together with some

suggestions for future work on data-driven modelling.
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Chapter 2

Mathematical foundations

This chapter will introduce some background theoretical ideas used with the Two-Stage

Selection (TSS) method. As this was proposed for Linear-In-The-Parameters (LIP)

models, both non-linear system modelling and classification will be addressed in this

thesis. More specifically, Radial Basis Function (RBF) networks and Kernel Fisher

Discriminant (KFD) will be investigated. To further improve model compactness and

generalization performance, Bayesian regularisation and Leave-One-Out (LOO) cross

validation are studied. The former can penalize terms that are determined by noise in

the data, while the latter can automatically terminate the construction procedure based

on test errors.

Unlike conventional model construction which selects a subset from the initial model

pool, many improved approaches have been emerged recently to incorporate heuristic

methods, such as Particle Swarm Optimization (PSO), Differential Evolution (DE) and

the Extreme Learning Machine (ELM) into the model construction procedure. These

methods do not need to pre-determine the initial terms, thus the construction process

can be faster or more accurate. It will be shown that most of these heuristic methods

can be effectively integrated into TSS to further reduce the model size or increase the

training speed.
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Chapter 2. Preliminaries RBF network model

2.1 Radial Basis Function (RBF) networks

A Radial Basis Function (RBF) network utilizes a radial construction mechanism which

gives the hidden layer parameters a better interpretation than other neural networks.

The neuron of an RBF network involves two operations: the calculation of the distance

between the input vector x = [x1, x2, · · · , xp]T and the centre vector ci = [ci1, ci2, · · · , cip]T

with respect to a norm matrix Σi; and the computation of an activation function ϕi.

Figure 2.1 illustrates these operations.

-

Figure 2.1: The ith hidden node of an RBF network

The distance is normally given by Mahalonobis norm as shown in (2.1)

ui = ‖x(t)− ci‖Σi =
√

(x(t)− ci)TΣi(x(t)− ci) (2.1)

where x(t) is the input at sample time t and Σ is the norm matrix used to scale and

rotate the input axes. In the most general case, Σ is chosen to be diagonal and contains

the inverse variances for each input dimension.

Σi =


1/σ2i1 0 0 0

0 1/σ2i2 0 0
...

...
. . .

...

0 0 0 1/σ2ip

 (2.2)

The activation function is usually chosen to possess a local character and so has a

maximum value at ui = 0. Typical choices for the activation function are Gaussian

function

ϕ(ui) = exp(−1

2
u2i ) (2.3)
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and the inverse multi-quadratic function

ϕ(ui) =
1√

u2i + a2
(2.4)

with the additional free parameter a [4].

A general RBF architecture is then obtained by using several neurons in parallel and

connecting them to an output. Figure 2.2 shows an RBF network with p inputs and n

hidden nodes.

Input layer Hidden layer Output layer

Figure 2.2: A general Radial Basis Function network

Clearly, the RBF network can be expressed as a Linear-In-The-Parameters model:

y(t) =

n∑
k=1

θkϕk(x(t); ck; Σk) + ε(t) (2.5)

where y(t) is the actual output at sample time t, x(t) ∈ <p is the input vector,

ϕk(x(t); ck; Σk) denotes the nonlinear activation function, θk represents the output layer

weight for each RBF node, and ε(t) is the network error at sample time t.

Suppose a set of N data samples {x(t), y(t)}Nt=1 is used for network training and the

centre width σ is pre-determined, (2.5) can then be written in matrix form as

y = Φθ + e (2.6)
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where Φ = [φ1, . . . ,φn] ∈ <N×n is known as the regression matrix with column vectors

φi = [ϕi(x(1)), . . . , ϕi(x(N))]T , i = 1, . . . , n, y = [y(1), . . . , y(N)]T ∈ <N is the actual

output vector, θ = [θ1, . . . , θn]T ∈ <n and e = [ε(1), . . . , ε(N)]T ∈ <N denotes the

network residual vector.

If the regression matrix Φ is of full column rank, the Least-Squares estimate of the

regression coefficients in (2.6) is given by

θ̂ = (ΦTΦ)−1ΦTy (2.7)

where ΦTΦ is sometimes called the information matrix. The associated minimal cost

function is

Jn(θ̂n) = yTy − θ̂TnΦn
Ty

= yT (I−Φn)(ΦT
nΦn)−1ΦT

ny (2.8)

In order to exploit the linearity of the output layer weights and the geometric inter-

pretability of hidden layer parameters in the RBF network, many training strategies

have been devised. Most of them try to determine the hidden layer parameters first,

and then estimate the output layer weights using least squares. Alternatively, subset

selection techniques can be applied for combined structural and parameter optimization,

such as Orthogonal Least Squares (OLS), the Fast Recursive Algorithm (FRA) or the

Two-Stage Selection (TSS) method. In this work, improved TSS algorithms will be

proposed for compact RBF network construction.

2.2 Kernel discriminant analysis

Nonlinear Fisher Discriminant (NFD) analysis is a generalization of linear Fisher dis-

criminant analysis produced by adapting the kernel method. Specifically, the data sam-

ples are first mapped into some high dimensional feature space F using a nonlinear

function φ, with linear discriminant analysis subsequently performed in this feature

space. The advantage of the kernel approach is that the mapping function does not

need to be known exactly. Only the dot product of the mapped data is involved in

solving the problem, and this can be represented by a suitable kernel function (e.g. a
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Gaussian kernel). Thus

k(xi,xj) = φ(xi)
T · φ(xj) (2.9)

Normally, a nonlinear discriminant function w ∈ F can be obtained by maximising the

following function

J(w) =
wTSφBw

wTSφWw
(2.10)

where

SφB = (mφ
1 −mφ

2 )(mφ
1 −mφ

2 )T (2.11)

and

SφW =
∑
i=1,2

∑
x∈ci

(
φ(x)−mφ

i

)(
φ(x)−mφ

i

)T
(2.12)

where mφ
i is the mean value of the samples in each class. Following [14], it can be shown

that the discriminant function w is given by

w = (SφW )−1(mφ
1 −mφ

2 ) (2.13)

and the projection of a new sample xi onto w is given by

ŷi = φ(xi)
Tw (2.14)

According to [22], the nonlinear discriminant function obtained using a minimum squared-

error cost function has the same direction as the Fisher discriminant solution. Specif-

ically, suppose that a set of N data samples belongs to two categories. The first N1

samples are collected from class 1 with label value y1, and the remaining N2 samples are

from class 2 with label value y2. By letting the output y1 = N/N1 and y2 = N/N2 (Ni

is the number of samples belonging to class i), it can be shown that the NFD is directly

related to least-squares problems.
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Assuming N data samples are available for training, equation (2.14) can be written as:



1
...

1

φ(x1)
T

...

φ(xN1)T

1
...

1

φ(xN1+1)
T

...

φ(xN )T



 w0

w

+



e1
...
...
...
...

eN


=



y1
...

y1

y2
...

y2


(2.15)

where w0 is the threshold, and ei, i = 1 . . . N are the model errors. Equation (2.15) can

be re-written in matrix form as:

Xw + e = y (2.16)

Here, w0 is already included in w. The least-squares method solves this equation by

minimizing the cost function

J(ŵ) =‖ e ‖2= ||y −Xŵ||2 (2.17)

leading to the solution

XTXŵ = XTy (2.18)

such that

ŵ = (XTX)−1XTy (2.19)

In [22], it is shown that

ŵ = η(SφW )−1(mφ
1 −mφ

2 ) (2.20)

where η is a constant. It is clear that (2.13) and (2.20) are identical except for an

unimportant constant.

Unfortunately, the mapping function in equation (2.15) still needs to be known exactly.

This is difficult to calculate or may not be available in practice. The following shows

that the calculation of Φ can be avoided by adopting the kernel method.
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It is assumed that w ∈ F , so that it can be spanned by all the training samples in F .

Thus, w can be expressed as

w =
N∑
i=1

αiφ(xi) (2.21)

Substituting Eq.(2.21) into Eq.(2.15) and replacing φ(xi)
T · φ(xj) with k(xi, xj) gives


1
...

1

k(x1,x1)
...

k(xN ,x1)

. . .
...

. . .

k(x1,xN )
...

k(xN ,xN )



w0

α1

...

αN

+


e1
...
...

eN

 =



y1
...

y1

y2
...

y2


(2.22)

By writing the above equation in matrix form

Pθ + e = y (2.23)

(where θ is the parameter vector and e is the error vector) the Fisher discriminant

analysis is converted to a least-squares formulation with the regression matrix P already

known, leading to the solution

θ̂ = (PTP)−1PTy (2.24)

Normally, the column terms in P are redundant and correlated, and the information

matrix (PTP) is ill-conditioned. The direct solution obtained from (2.24) is therefore

not accurate. Among the numerical methods available for computing θ̂, matrix decom-

position methods are widely used [28] with Orthogonal Least Squares (OLS) being the

best-known [19, 20]. An alternative, however, is the Fast Recursive Algorithm (FRA)

which has proven to be more efficient and stable. In this work, improved two-stage selec-

tion (TSS) methods will be proposed and applied to the nonlinear Fisher discriminant

analysis to obtain a more compact classifier with better generalization performance.
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2.3 Leave-one-out cross validation

The model’s flexibility usually depends on its complexity, as measured by the number

of parameters. A model would not be able to capture the process behaviour if it is too

simple, and too complex models are normally constructed to fit the noise. Furthermore,

a large number of parameters will lead to the estimation being inaccurate with the finite

data set available.

In order to investigate the influence of the number of parameters on the model’s perfor-

mance, the expectation of squared error is decomposed into a bias error and a variance

error [4]:

E{e2} = E{(y − ŷ)2}

= E{(ȳ + ε− ŷ)2}

= E{(ȳ − ŷ)2}+ E{ε2} (2.25)

and

E{(ȳ − ŷ)2} = E{[(ȳ − E{ŷ})− (ŷ − E{ŷ})]2}

= E{(ȳ − E{ŷ})2}+ E{(ŷ − E{ŷ})2} (2.26)

where y is the measured output which equals to the true output ȳ plus a noise ε, and

ŷ denotes the model output. The cross term 2E{(ȳ − ŷ)ε} in (2.25) is omitted due to

the fact that the noise is uncorrelated with the process. Clearly, if the model describes

the process accurately, the first term in (2.25) is then equal to zero and the model error

becomes the noise only. Unfortunately, it is very difficult to approximate the process

exactly in practice. The first term in (2.25) is therefore further decomposed into two

parts known as the bias error and the variance error as shown in (2.26).

However, the bias error and the variance error are always in conflict. Decreasing one

error causes the other to increase. The explanation is given as follows:

• The bias error is caused by the structural inflexibility of the model. It measures

the mismatch between the process and the model. Therefore, a simple model will

lead to a higher bias error, and vice versa. Since the model complexity mainly
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depends on the number of parameters (i.e. degree of a polynomial term or number

of hidden nodes), an increase in the number of model terms will decrease the bias

error. For a sufficiently flexible model, the bias error will be near zero.

• The variance error is introduced by uncertainties in the estimated parameters.

Due to the finite size of the noisy training data set, the estimated model parameters

usually deviate from their optimal values. However, this error could be reduced

by increasing the number of training data samples or decreasing the number of

parameters. In practice, the available amount of data is limited, and thus a simple

model with fewer parameters would be preferred to reduce the variance error.

According to the above discussion, building a simple model would produce a large bias

error and a low variance error, while a complex model has a lower bias, but high variance

error. Finding the optimal complexity involves a trade-off between the two types of

errors. Figure 2.3 illustrates neatly the concept of optimal model complexity for a specific

model class. The problem in determining the optimal complexity is that the bias and

variance errors are unknown in practice. An alternative approach is to estimate models

of different complexity using training data, and then choose the one that performs best

on a separate test data set, as the training error only contains bias error, while the

variance error can be only detected from test data with different noise.

bias error variance error

model error

optimal complexity

underfitting overfitting

E
rr

o
r

Complexity

Figure 2.3: Trade-off between bias error and variance error

As the goal of model identification is to build a model that performs well on unseen data,

the source data is normally divided into separate training and test data sets. However,
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the available amount of data is usually small in practice, and it is preferred to use all

the data set for model training. In this case, an extra term must be employed in the

cost function to prevent over-fitting. This term can be regarded as an approximation of

the variance error.

One widely used technique is the information criterion which introduces a complexity

penalty term into model performance evaluation. Typical choices are Akaike’s informa-

tion criterion (AIC) and the final prediction error (FPE) which are given by

AIC(ρ) = N log(
SSE(θ̂)

N
) + ρn (2.27)

FPE =
SSE(θ̂)

N
· (N + n

N − n) (2.28)

where ρ is a tuning parameter and the sum-squared-error (SSE) is given by

SSE(θ̂) =
N∑
t=1

(y(t)− φ(t)θ̂)
2

(2.29)

Though the information criterion provides a useful approach for model comparison, it

is still very hard to choose a suitable criterion for a specific application. The tuning

parameter in some criteria also varies with different applications, and cannot be easily

determined.

An alternative is to use cross validation which is a good choice for small data sets. One

extreme case, known as leave-one-out (LOO) cross validation, is now discussed.

Leave-one-out (LOO) is a commonly used cross-validation method for improving the

model’s generalization capability [66]. It is achieved by using only one sample for model

test in each run, with the remaining (N − 1) samples reserved for training. Thus, for

t = 1, . . . , N , the jth model is estimated from the data set with the tth point being

removed. The prediction error can then be calculated by

ε
(−t)
j = y(t)− ŷ(−t)j (t) (2.30)
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where y
(−t)
j (t) is the output of the jth model estimated by using the remaining (N − 1)

data samples. The LOO error is obtained by averaging all these prediction errors as

Jj =
1

N

N∑
t=1

(ε
(−t)
j )2 (2.31)

It appears that this procedure is computationally expensive since the amount of calcu-

lation involved in using each data sample individually, as described above, is N times

that in using the complete data set once. However, the following derivation shows that

the LOO error can be obtained without explicitly having to split the training data set

sequentially as above [66].

Refer to (2.6), and define a matrix M:

M = PTP (2.32)

where P includes the selected terms from regression matrix Φ. Then, the least-squares

parameter estimate of θ is given by

θ̂ = [PTP]−1PTy = M−1PTy (2.33)

The model residual at sample time t becomes

ε(t) = y(t)− p(t)θ̂ = y(t)− p(t)M−1PTy (2.34)

where p(t) denotes the tth row of the regression matrix P. With the tth data sample

deleted from the estimation data set, the parameter θ̂ is then calculated as

θ̂(−t) = {M(−t)}−1{P(−t)}Ty(−t) (2.35)

where (�)(−t) denotes the associated terms with the tth sample been removed from the

training data. From the definition of M, it can be shown that

M(−t) = M− p(t)Tp(t) (2.36)
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and

{p(−t)}Ty(−t) = PTy − p(t)T y(t) (2.37)

By using the well-known matrix inversion lemma [A+BCD]−1 = A−1−A−1B[DA−1B+

C−1]−1DA−1 [3], the inverse of M(−t) in (2.35) can be computed as

{M(−t)}−1 = M−1 +
M−1p(t)Tp(t)M−1

1− p(t)MTp(t)T
(2.38)

The model error at data point t is now given as [66]

ε(−t)(t) = y(t)− p(t)θ̂(−t)

= y(t)− p(t){M(−t)}−1{p(−t)}Ty(−t)

=
y(t)− p(t)M−1PTy

1− p(t)M−1pT (t)

=
ε(t)

1− p(t)M−1pT (t)
(2.39)

The calculation of the LOO error is simplified by the use of equation (2.39) which does

not involve having to split the training data sequentially. Though the leave-one-out

cross validation can help to select a model with better generalization performance, a

highly complex model can still be over-fitted due to the large number of parameters.

Fortunately, regularisation can be adopted to prevent over-parametrized models.

2.4 Bayesian regularisation

Regularization tries to compress nominal parameters that are determined by noise while

its effect on important parameters can be ignored. Though the estimation under reg-

ularisation becomes biased, the variance error can be significantly reduced. Thus the

overall modelling error is decreased, leading to improved generalization.

The Bayesian learning framework includes three levels of probabilistic inference: model

fitting; hyperparameter optimization and model comparison. The regularisation occurs

at the second level, and improves the network sparsity by introducing a prior about

the smoothness of the approximated nonlinear function. The associated cost function is
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therefore changed to have the form:

J = σ−2eTe + θTHθ (2.40)

where σ2 is the noise variance in the data, e is the modelling error vector, θ is the model

parameters vector and H = diag(α0, α1, · · · , αk) is the hyperparameter matrix.

Likelihood

In practice, the data are always sampled with noise. SupposeN data samples {x(t), y(t)}, t =

1, · · · , N are collected for network training where x represents the input vector. The

actual output with additive noise can be expressed by

y(t) = ŷ(x(t),θ) + ε(t) (2.41)

where ŷ(x(t),θ) is the network prediction, θ is the vector of output layer weights and

ε(t) is assumed to be a zero-mean Gaussian noise sequence with variance σ2. Thus,

the output y(t) follows a Gaussian distribution with mean ŷ(t) and variance σ2. If the

nonlinear model has a linear-in-the-parameters structure, such as with RBF networks,

the likelihood of the complete data set can then be written as

p(y|θ, σ2) = (2πσ2)−
N
2 exp

{
− 1

2σ2
‖ y −Φθ ‖2

}
(2.42)

where Φ is the regression matrix and

ŷ (x(t),θ) = φ(t)θ (2.43)

The prior

The aim of network training is to find a network structure and the associated parameters

to fit the training data well. It is also desirable that the network generalizes well on

new data. “Occam’s razor” principle shows that unnecessarily complex models should

not be preferred to simple ones [8]. So the main challenge in network construction is to

avoid ‘over-fitting’ over the training data set [68].
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The prior of the smoothness of the approximated network normally takes the form of a

zero-mean Gaussian distribution over θ:

p(θ|α) =
n∏
i=0

N (θi|0, α−1i ) (2.44)

where n is the number of hidden nodes in the RBF network, and αi is a hyperparameter

associated with each output layer weight. The effectiveness of α can be explained as

follows: a large value of αi indicates a small variance of θi, so that the parameter θi will

be forced near to zero, and the network becomes smoother by removing such irrelevant

centres; a small value of αi allows a large variation in θi, and the network becomes more

complex.

Posterior

With the prior being defined, the posterior distribution over the output layer weights is

then given by Bayes rule:

p(θ|y,α, σ2) =
p(y|θ, σ2)p(θ|α)

p(y|α, σ2)

= (2π)−n/2|M|1/2 exp

{
−1

2
(θ − θ̄)TM(θ − θ̄)

}
(2.45)

where the posterior covariance matrix M−1 (similar to (2.32)) and mean vector θ are

given by:

M = σ−2ΦTΦ + H (2.46)

θ̄ = σ−2M−1ΦTy (2.47)

Typically, the hyperparameter matrix H and the noise variance σ2 are unknown, and

should be obtained from the data. This is done by evaluating their posterior distribution

over the training data.

Evidence

As mentioned above, the smoothness of the network is determined by the values of the

hyperparameters and the noise variance. It is therefore important to estimate these
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unknowns from the training data. This is done by analyzing their posterior distribution

which is given by

p(α, σ2|y) ∝ p(y|α, σ2)p(α)p(σ2) (2.48)

where p(α, σ2|y) is known as the evidence for α and σ2. The probabilities p(α) and

p(σ2) are normally assumed to be a flat prior, thus the maximizing of p(α, σ2|y) becomes

the same as maximizing p(y|α, σ2). From equation (2.42) (2.44) and (2.45), it follows

that

p(y|α, σ2) =

∫
p(y|θ, σ2)p(θ|α)dθ =

p(y|θ, σ2)p(θ|α)

p(θ|y,α, σ2)

= (2π)−
N
2 (σ2)−

N
2 |H| 12 |M| 12 exp

{
− 1

2σ2
‖ y −Φθ ‖2 −1

2
θTHθ

}
(2.49)

For the sake of convenience, the log of this evidence is widely used in practice. Thus:

log p(y|α, σ2) = −N
2

log(2π)− N

2
log σ2 +

1

2
log |H|

− 1

2
log |M| − 1

2σ2
eTe− 1

2
θTHθ (2.50)

where e = y −Φθ is the residual vector.

Updating ααα and σ2

Maximizing the log evidence in (2.50) produces the optimized values for α and σ2. As

equation (2.50) is quadratic in logα and log σ2, differentiating with respect to logαi

and setting the derivative to zero gives:

∂ log p(y|α, σ2)
∂ logαi

= 1− αihi − αiθ2i (2.51)

where hi is the ith diagonal element of M−1. By setting this derivative to zero, the most

probable value of αi is given as:

αnewi =
1

hi + θ2i
(2.52)
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Furthermore, by defining a new quantity [8]

γi , 1− αihi (2.53)

the hyperparameter αi can be updated by:

αnewi =
γi
θ2i

(2.54)

As mentioned before, αi measures how strongly the associated parameter θi is determined

by the prior. A large value of αi indicates a high noise effect and causes the diagonal

element of M−1 to be mainly dominated by α−1i . As a result, hi ≈ α−1i and γi ≈ 0.

Conversely, a small value of αi will lead γi being near to 1. Therefore, γi ∈ [0, 1] is a

measurement of how strongly the corresponding parameter θi is determined by the data,

and the quantity γ =
∑n

i=1 γi measures how many parameters are well estimated from

the data.

Similarly, differentiating the log evidence in (2.50) with respect to log σ2 and setting the

derivative to zero leads to an updating method for the noise variance:

(σ2)new =
eTe

N − γ (2.55)

2.5 Heuristic approaches

For the sake of simplicity, nonlinear models are normally transferred into a linear form,

such as LIP, and solved using linear optimization. Unfortunately, those parameters that

mainly determine the nonlinear characteristics of the system are then pre-determined,

either by trail-and-error, or generated randomly. This will inevitably reduce the gener-

alization performance, and more nonlinear terms may then be needed to meet a desired

specification. Moreover, global optimization cannot then be guaranteed.

By contrast, nonlinear optimization attempts to estimate all of the parameters simulta-

neously. The resulting model is then more compact and the performance also improves.

Unfortunately, these attractive results normally involves excessive computing and a large

amount of memory. In this work, these limitations are addressed by integrating heuris-

tic approaches, such as Particle Swarm Optimization (PSO) and Differential Evolution
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(DE), into the two-stage selection algorithm. The nonlinear parameters can then be

determined automatically without excessive computation, with the model sparsity also

being achieved.

2.5.1 Particle Swarm Optimization [76]

In PSO each particle in the swarm represents a possible solution which moves through

the problem search space seeking an optimal or satisfactory point. The position of

each particle is adjusted according to its velocity and the difference between its current

position, the best one it has found so far, and the best position to date found by its

neighbours [80].

Suppose ui denotes the ith particle in the swarm, vi represents its velocity, pi is its

best position to date, while pg denotes the best position from the entire swarm. In

inertia-weighted PSO [84, 87], v(i+1) and u(i+1) are updated as:

v(i+1) ← w0vi + c1r1(pi − ui) + c2r2(pg − ui) (2.56)

u(i+1) ← ui + vi (2.57)

where w0 is the inertia weight used to scale the previous velocity term, c1 and c2 are

acceleration coefficients, and r1 and r2 are two uniform random number generated be-

tween 0 and 1. In (2.56), the velocity of each particle is determined by three parts, the

momentum, the cognitive information and the social information. The momentum term

w0vi carries the particle in the direction it has travelled so far with the inertia weight

w0 being used to control the influence of the previous velocity value on the new one.

For w0 > 1, the particles diverge eventually beyond the boundaries of the search space.

For w0 < 0, the velocity decreases continuously causing the particles to converge. The

cognitive part c1r1(pi − ui) describes the tendency of the particle to return to the best

position it has visited so far, while the social part c2r2(pg − ui) denotes its tendency to

move towards the best position from amongst the entire swarm. The acceleration coef-

ficients c1 and c2 can be fixed or varied from 0.5 to 2.5 during the iterative procedure

[101]:

c1 = (0.5− 2.5)l/G+ 2.5 (2.58)

c2 = (2.5− 0.5)l/G+ 0.5 (2.59)
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where l is the iteration index and G denotes the total number of updating cycles. This

improves the updating quality as a wider search range is set at the beginning to avoid

a local minimum, and quicker convergence is guaranteed towards the end.

In order to ensure that each updated particle is still inside the search space, it is essential

to check both its position and the velocity before calculating the related cost function.

Suppose the search space of a particle position is [umin,umax], the appropriate rule is

given by:

if ui(j) > umax(j), then ui(j) = umax(j) (2.60)

if ui(j) < umin(j), then ui(j) = umin(j) (2.61)

for i = 1, · · · , S; and j = 1, · · · , p.

where i is the particle index and j is the index of an element in the input vector ui. For

velocity, the maximum value is normally obtained from the solution search space and is

given by

vmax =
1

2
(umax − umin) (2.62)

where the search space is defined as [−vmax,vmax]. Similarly, the rule for the velocity

is:

if vi(j) > vmax(j), then vi(j) = vmax(j) (2.63)

if vi(j) < −vmax(j), then vi(j) = −vmax(j) (2.64)

if vi(j)→ ±0, then vi(j) = ±cvrvvmax(j) (2.65)

for i = 1, · · · , S; and j = 1, · · · , p.

where cv is a small weight normally set to 0.1 and rv is a random vector uniformly

generated from [0, 1]. Though PSO has been widely used, the analysis of the convergence

behaviour of a swarm of multiple interactive particles is still problematical [84, 85].

2.5.2 Differential Evolution [77]

Differential Evolution (DE) is a population-based stochastic optimization method. It

starts with some initial points which are randomly generated in the search space, and
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then pushes the populations toward the global optimum point through repeated oper-

ations of mutation, crossover and selection. New populations are obtained by adding

the weighted difference of two vectors to a third one, where the vectors are mutually

different random points from last generation.

Suppose x
(l)
j (i = 1, 2, · · · , p) is the solution vector in generation l, the operations in the

classic DE method can be summarised as follows:

• Mutation: A mutant vector is generated by:

v
(l+1)
j = x

(l)
r1 + F (x

(l)
r2 − x

(l)
r3 ) (2.66)

where r1, r2, r3 are random indices from [1, 2, · · · , p] and F ∈ [0, 2] is a real

constant which controls the amplification of the added differential variation. Larger

values for F lead to higher diversity in new populations, while lower values cause

faster convergence.

• Crossover: This operation is implemented to increase the diversity of the popu-

lation. A trial vector is defined as

u
(l+1)
j = [u

(l+1)
j1 , u

(l+1)
j2 , · · · , u(l+1)

jp ]T (2.67)

with elements given by

u
(l+1)
ji =

 v
(l+1)
ji if randj(0, 1) ≤ Cr or j = br

x
(l)
ji otherwise

(2.68)

where p is the vector dimension, Cr ∈ [0, 1] is the predefined crossover constant,

randj(0, 1) uniformly generates a scaler from [0, 1] at the jth evaluation, and br

is a random index chosen from [1, 2, · · · , p] so that u
(l+1)
i contains at least one

parameter from v
(l+1)
i .

• Selection: The last step is to compare all the trial vectors u
(l+1)
j with the target

ones x
(l)
i using a criterion, such as their contribution to a loss function, and then

decide which one becomes a member of the next generation.

The above procedure continues until a pre-set number of iterations is reached or the

desired accuracy is obtained. The basic DE strategy is illustrated in Figure 2.4.
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Figure 2.4: The basic differential evolution strategy

Many studies have been conducted to enhance the performance of the basic DE method

described above. Specifically, variants of DE are now available, conveniently labelled

as DE/a/b/c, where a specifies which vector is to be mutated, b denotes the number

of difference vectors used and c describes the crossover scheme (binomial or exponen-

tial). In this way, the basic DE is denoted as DE/rand/1/bin, while other well-known

variants are DE/best/1/bin, DE/rand/2/bin and DE/best/2/bin [90]. Other opti-

mization techniques have been introduced to improve the convergence of DE, such as

the Opposition-based DE [88] which employs opposition-based learning for population

initialization and generation jumping and self-adaptive DE [91] that automatically ad-

justs the control parameters in the basic strategy. While the DE algorithm has been

used in many practical cases and has satisfactory performance, its convergence has still

not been mathematically proven. Further theoretical analysis is still needed to explore

the scaling property and its behaviour in real world applications.

2.5.3 Extreme Learning Machine

The Extreme Learning Machine (ELM) was first introduced for the training of Single-

hidden Layer Feedforward neural Network (SLFN) in 2005 [99]. It constructs the SLFN

model by randomly assigning non-linear parameters for each hidden node to replace

iterative training. The target is then simply a linear combination of the hidden nodes,

and the output layer weights can be easily estimated by Least-Squares. As a result,

the learning speed in ELM can be several orders of magnitude faster than traditional
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learning. Using incremental methods, it has been proven that the ELM can be regarded

as a universal approximator [100].

The SLFN has a similar structure to a RBF network. For a multi-input, multi-output

(MIMO) system, it can be expressed as

y(t) =

n∑
k=1

θkϕk(wk · x(t) + bk) (2.69)

where x(t) = [x1(t), x2(t), · · · , xp(t)] and y(t) = [y1(t), y2(t), · · · , ym(t)] is the system

input and output vector; wk = [wk1, wk2, · · · , wkp] is the weight vector between the p

inputs and the kth hidden node; bk is the threshold of the kth hidden node; (·) denotes

the inner product, and ϕ is the activation function. Finally θk = [θk1, θk2, · · · , θkm] is

the output layer weight vector between the kth hidden node and m outputs.

With N data samples used for training, equation (2.69) can be written in matrix form

as

Y = ΦΘ (2.70)

where

Φ =


ϕ1(w1 · x(1) + b1) · · · ϕn(wn · x(1) + bn)

...
. . .

...

ϕ1(w1 · x(N) + b1) · · · ϕn(wn · x(N) + bn)

 (2.71)

Θ = [θ1, · · · ,θn]T =


θ1,1 · · · θ1,m

...
. . .

...

θn,1 · · · θn,m

 (2.72)

and

Y = [y(1), · · · ,y(N)]T =


y1,1 · · · y1,m

...
. . .

...

yN,1 · · · yN,m

 (2.73)
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In ELM, the non-linear parameters wk and bk in (2.69) are assigned randomly, and it

has been proven that the the required number of hidden nodes n ≤ N if the activation

function ϕ is infinitely differentiable. Specifically, the ELM is based on the following

theorem [99]:

Theorem 2.1. Given any small positive value ε > 0 and activation function ϕ which is

infinitely differentiable in any interval, there exist an n ≤ N such that for N arbitrary

distinct samples [x(t), y(t)] and any wk and bk randomly chosen from any intervals

respectively, according to any continuous probability distribution, then with probability

one, the regression matrix Φ of SLFN is invertible and ||ΦΘ− y|| < ε.

According to the above theorem, the ELM is also valid for the RBF network in (2.5).

The construction process can be summarised in two steps:

Step 1: Randomly assign the hidden nodes parameters, including the number of hidden

nodes n, and non-linear parameters ci and σi for i = 1, 2, · · · , n;

Step 2: Form the regression matrix Φ, and estimate the output layer weights using (2.7);

However, the sparsity of the constructed model cannot be guaranteed due to its stochas-

tic characteristics. There are three main issues in the ELM that have to be addressed in

applications. i) a large number of non-linear functions are usually required; ii) the singu-

larity problem in Φ becomes serious as the model size is increased; and iii) a large model

generates a high computational overhead in deriving the linear parameters. In fact, these

three problems are also closely coupled. If the performance of the non-linear model can

be improved, the number of required non-linear functions and the corresponding num-

ber of linear parameters can be significantly reduced, leading to the overall reduction of

the computational complexity. Once ΦTΦ becomes nonsingular, a number of efficient

algorithms can be used for fast computation of the linear parameters. In this thesis, the

two-stage selection (TSS) and its variants will be employed to enhance the sparsity of

models constructed by ELM, leading to improved generalization performance.

2.6 Summary

In this chapter, the basic structure of RBF neural networks was first described. It has

a simple topology but provides universal approximation capability. The RBF network
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can also be regarded as a linear-in-the-parameters (LIP) model where the non-linear

parameters are located in the hidden nodes, and the target is simply a linear combi-

nation of the RBF centres. The conventional approach for RBF network construction

is to pre-determine the centre vectors and RBF widths, and estimate the output layer

weights using Least-Squares. This will inevitably reduce the network performance. More

advanced approaches, such as subset selection method along with non-linear optimiza-

tion, will be employed in subsequent chapters to improve the sparsity and generalization

performance of RBFs.

Classification based on Non-linear Fisher Discriminant (NFD) analysis is also addressed

in this chapter. It has been shown that the NFD can be changed to a LIP form and solved

using the same techniques as for a RBF network. The non-linear classifier therefore

becomes more compact, more easily implemented, and more accurate when applied to

fresh data. Experimental results on well-known benchmarks will be included to confirm

the new proposed methods.

The two-stage selection (TSS) algorithm is capable of constructing a compact model

based on some specified criterion. However, it only pursues a smaller training error,

while a larger testing error may occur on a new data set. Thus, the original TSS method

needs to be improved to prevent over-fitting. For this purpose, the basic principles in

model optimization are described. Generally, a model error has two components: the

bias error and the variance error. Too simple a model produces a large bias error and a

small variance error, while too complicated a model possesses a small bias error and a

large variance error. A trade-off between both is required. One conventional solution is

to employ an information criterion, but it is difficult to choose a suitable one for a specific

application. The tuning parameter in some criteria is also hard to determine. Leave-

one-out cross validation has been introduced to address this problem. It was originally

proposed for small data sets as the computation involved is proportional to the number

of training samples. However, if the model has a LIP structure, the computational

complexity can be greatly reduced as shown in section 2.3. After that, another approach

known as Bayesian regularisation was described for compact model construction. The

idea here is that each model coefficient is assigned a prior hyperparameter, and the most

probable values of these hyperparameters are then iteratively estimated from the data.

In practice, the posterior distribution of the coefficients for irrelevant terms are sharply

peaked around zero. Consequently, those terms that are mainly due to noise have large
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hyperparameter values with their corresponding coefficient being forced near to zero.

Sparsity is then achieved by removing such irrelevant terms from the final model.

In order to maximally explore the system non-linearity, some heuristic approaches had

also been introduced in this chapter. These include Particle Swarm Optimization (PSO),

Differential Evolution (DE) and the Extreme Learning Machine (ELM). All can be

employed to optimize the non-linear parameters inside each model term, leading to

improved approximation performance. The first two methods are inspired by natural

behaviours, so that repeated updating cycles are needed to obtain a satisfactory non-

linear model. At first sight, the computational complexity seems to be higher than

conventional approaches. However, numerical analysis in following chapters will show

that PSO and DE assisted subset selection methods in fact consume less computation

with large data set. The ELM is much simpler to implement, needs less computation,

and the model can be automatically constructed without pre-determining the non-linear

parameters. The main limitation of the ELM is that the model is not compact, but as

discussed later in the thesis, this can be solved by using a subset selection method, such

as the TSS and its derivatives. All of the above heuristic methods have some stochastic

characteristics, so the experimental results cannot be reproduced.

The next two chapters will describe the integration of the above mentioned techniques

into the two-stage selection (TSS) algorithm, followed by the experiments on benchmarks

and real world data sets.
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Advanced Two-Stage selection

methods

The goal of modelling is usually to find a simple mathematical description that approxi-

mates the system to a desired accuracy. As the linear-in-the-parameters (LIP) model is

widely used for non-linear system modelling, it is necessary to ensure that all the model

terms are important to reflect the system characteristics. The most obvious solution is

to examine all possible combinations. However, with M candidate model terms, this

requires 2M −1 different models to be estimated. Clearly, this is not acceptable in prac-

tice as it involves a large number of computations. Subset selection has proven to be an

effective approach in tackling this problem.

Generally, three main strategies can be adopted for subset selection: forward selection,

backward elimination and stepwise selection. Forward selection, the most common, picks

the most significant model term at each step and continuously increase the model size

until some criterion is met. It is a straightforward and efficient method for finding a

compact model. Instead of increasing the number of selected terms step-by-step, back-

ward elimination starts with all M regressors and removes the least significant term each

time. However, the computation involved is much higher than with forward selection,

thus it is only really feasible for use with small data sets. The most advanced technique

is stepwise selection which combines forward selection and backward elimination. Of

course, stepwise selection is then more complex and needs more computation. However,
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the two-stage selection algorithm and its derivatives discussed in this thesis provide an

effective and efficient option for compact system modelling.

Forward selection can be realised in three alternative ways:

• Error projection - At the first step, each model term in the candidate pool is

evaluated by optimizing the associated parameters. Then the most significant one

that best approximates the output y is selected. Suppose the selected term is

φ1 and the associated parameter is θ1. At the second step, e(1) = y − φ1θ1, the

part of y not explained by φ1, is used to evaluate the remaining terms. Again,

this is done by optimizing the associated parameters. Now, φ2 is selected as

the best one to explain e(1). At the third step, the error e(2) = e(1) − φ2θ2

has to be explained by the non-selected model terms. This procedure continues

until n (n � M) terms have been selected. Figure 3.1 illustrates this process.

Obviously, such error projection is very fast, since only M − i + 1 times a single-

parameter estimation is required at step i. However, the major drawback is that

the interaction between model terms has not been considered. The parameters of

selected terms are estimated one at a time while they should be properly optimized

simultaneously.

Figure 3.1: Forward selection by error projection (two regressors)

• Simultaneous optimization - As the interaction between model terms is not taken

into account, error projection usually yields poor results. One possible solution is

to estimate all the parameters simultaneously. Figure 3.2 illustrates this approach

where the parameters of all previously selected terms are re-estimated based on the

newly selected one. Unfortunately, this then requires n−i+1 times an i-parameter

estimation. The amount of computation then becomes unacceptable for a large

model size. Orthogonal Least Squares (OLS) [19] or the more recent Fast Recursive

Algorithm (FRA) [21] can both be employed to reduce the computation, the latter

being more efficient and cost effective.
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Figure 3.2: Forward selection by simultaneous optimization

• Orthogonal regression - If all the model terms are orthogonal, no interactions will

take place, and error projection yields most accurate results. Figure 3.3 shows that

the parameters of selected terms can be calculated independently as they do not

interact. However, such orthogonality between model terms cannot be expected

in most applications. The OLS algorithm falls partly in this category as a QR

decomposition of the regression matrix is needed.

Figure 3.3: Forward selection by orthogonal regressors

In the following, the original Two-Stage selection (TSS) algorithm, which includes a

forward selection stage followed by backward model refinement, will be first introduced

in §3.1. An extension of TSS to multi-output systems is then introduced in §3.1.4.The

Bayesian regularisation technique is then integrated with the TSS to enhance model

sparsity. In §3.3, leave-one-out cross-validation is employed with the TSS method to

automatically terminate model selection. Finally, the most advanced two-stage selection

algorithm is proposed in §3.4, which combines both Bayesian regularisation and LOO

cross-validation to further improve model generalization performance.

3.1 Two-Stage stepwise selection

Stepwise selection is the recommended subset selection technique owing to its superior

performance [4]. However, in conventional stepwise selection, all the terms already se-

lected need to undergo some significance check before choosing a new term, and those

regarded as insignificant are then removed from the model at each iteration. This in-

evitably increases the overall computation complexity. By contrast, the recently pro-

posed two-stage selection algorithm, which includes a forward selection stage and a
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second backward refinement stage, provides a more efficient alternative. Insignificant

terms can be effectively removed at the second stage without much increasing the com-

putation.

3.1.1 Forward recursive selection - first stage

The Fast Recursive Algorithm (FRA) is based on a recursive matrix Mk and a residual

matrix Rk defined by

Mk , ΦT
kΦk k = 1, · · · , n (3.1)

Rk , I−ΦkM
−1
k ΦT

k R0 , I (3.2)

where Φk ∈ <N×k contains the first k columns of the regression matrix Φ in (2.6). Ac-

cording to [21] and [57], the matrices Rk, k = 0, · · · , n possesses the following attractive

properties:

Rk+1 = Rk −
Rkφk+1φ

T
k+1R

T
k

φTk+1Rkφk+1
, k = 0, 1, · · · , n− 1 (3.3)

RT
k = Rk; (Rk)

2 = Rk, k = 0, 1, · · · , n (3.4)

RiRj = RjRi = Ri, i ≥ j; i, j = 0, 1, · · · , n (3.5)

Rkφj =

 0, rank([Pk,φj ]) = k

φ
(k)
j 6= 0, rank([Pk,φj ]) = k + 1

, j = 0, 1, · · · , n (3.6)

R1,··· ,p,··· ,q,...,k = R1,··· ,q,··· ,p,...,k, p, q ≤ k (3.7)

Suppose the selected regressors are expressed as pi, (i = 1, · · · , n), equation (3.7) means

that any change in the selection order of the pi does not change the residual matrices

Rk. This property will help to reduce the computational effort in the second stage. The

cost function in (2.8) can now be rewritten as:

Jk(Pk) = yTRky (3.8)
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In this forward stage, the model terms are optimized one at a time. Suppose at the kth

step, one more term pk+1 is to be selected. The net contribution of pk+1 to the cost

function can then be calculated as:

∆Jk+1(Pk,pk+1) = yT (Rk −Rk+1)y

=
yTRkpk+1p

T
k+1Rky

pTk+1Rkpk+1

=
(yTp

(k)
k+1)

2

pTk+1p
(k)
k+1

(3.9)

where p
(k)
k+1 , Rkpk+1. According to (3.3), this net contribution can be further simplified

by defining an auxiliary matrix A ∈ <n×M and a vector b ∈ <M×1 with elements given

by:

ai,j , (p
(i−1)
i )Tpj , 1 ≤ i ≤ j, 1 ≤ j ≤M (3.10)

bj , (p
(j−1)
j )Ty (3.11)

where p
(0)
j = pj . The definitions here are changed from the original TSS or FRA, so

that other techniques can be integrated without loosing efficiency. In [21], it is shown

that ai,j and bj can be updated recursively using:

ai,j = pTi pj −
i−1∑
l=1

al,ial,j/al,l (3.12)

bj = pTj y −
j−1∑
l=1

(al,jbl)/al,l (3.13)

Now, by substituting (3.10) and (3.11) into (3.9), the net contribution of a new model

term pk+1 to the cost function can be expressed as:

∆Jk+1(pk+1) =
b2k+1

ak+1,k+1
(3.14)

This provides a formula for selecting the best model term from the candidate pool at

each step. In practice, the calculation of a
(k+1)
j,j and b

(k+1)
j (j = k + 1, · · · ,M) can be

48



Chapter 3. Improved Two-Stage selection Original TSS

further simplified by recursive updating instead of using (3.12) and (3.13)

a
(k+1)
j,j = a

(k)
j,j − a2k,j/ak,k (3.15)

b
(k+1)
j = b

(k)
j − ak,jbk/ak,k (3.16)

Thus at the end of each selection, these terms are updated and stored for use in the next

comparison or selection. By default, a
(k)
j,j and b

(k)
j will be written as aj,j and bj in what

follows. The selection procedure then continues until some termination criterion is met

(e.g., Akaike’s information criterion (AIC) [4]) or a desired model size is reached.

Finally, after a satisfactory non-linear model has been constructed, the coefficients of

each term are computed recursively according to:

θ̂j =

bj − n∑
i=j+1

θ̂iaj,i

 /aj,j , j = n, n− 1, · · · , 1. (3.17)

3.1.2 Model refinement - second stage

This involves the elimination of insignificant terms due to constraints introduced in

forward selection. Noting that the last selected term in the forward construction is

always maximally optimized for the entire model, the backward model refinement can

be divided into two main parts; Firstly, a selected term pk, k = 1, · · · , n − 1 is shifted

to the nth position as it was the last optimized one. Then, the contributions of all

the candidate terms are recalculated based on the new n − 1 selected regressors and

compared with the one at the nth position. If the shifted term is less significant than

anyone from the candidate pool, it will be replaced, leading to a reduced training error

without increasing the model size. This review is repeated until all the selected model

terms are more significant than those remaining in the candidate pool.

Re-ordering of selected terms

Suppose a selected model term pk is to be moved to the nth position in the regression

matrix Pn. This can be achieved by repeatedly interchanging two adjacent terms so
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that

p∗q = pq+1, p∗q+1 = pq, q = k, · · · , n− 1 (3.18)

where the ∗ is used to indicate the updated value. By noting the property in (3.7), it is

clear that only Rq in the residual matrix series is changed at each step. This is updated

using

R∗q = Rq−1 −
Rq−1p∗q(p

∗
q)
TRT

q−1
(p∗q)TRq−1p∗q

(3.19)

Meanwhile, the following terms also need to be updated:

• In matrix A, only the upper triangular elements ai,j , i ≤ j are used for regressor

selection. The qth and the (q + 1)th columns, with elements from row 1 to q − 1,

need to be modified according to: a∗i,q = (p
(i−1)
i )T pq+1 = ai,q+1

a∗i,q+1 = (p
(i−1)
i )T pq = ai,q

, i = 1, · · · , q − 1 (3.20)

The qth row, with elements from column q to column n, is also changed using

a∗q,j =


aq+1,q+1 + a2q,q+1/aq,q j = q

aq,q+1 j = q + 1

aq+1,j + aq,q+1aq,j/aq,q j > q + 2

(3.21)

and the (q + 1)th row aq+1,j , for j = q + 1, · · · , n, is likewise changed to

a∗q+1,j =

 aq,q − a2q,q+1/a
∗
q,q j = q + 1

aq,j − aq,q+1a
∗
q,j/a

∗
q,q j > q + 2

(3.22)

• For the vector b, only the qth and the (q + 1)th elements are altered. Thus

b∗q = bq+1 + aq,q+1bq/aq,q (3.23)

b∗q+1 = bq − aq,q+1b
∗
q/a
∗
q,q (3.24)
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This procedure continues until the kth term is shifted to the nth position, the new

regression matrix and the series of residual matrices then becomes

P∗n = [p1, · · · ,pk−1,pk+1, · · · ,pn,pk] (3.25)

{R∗k} = [R1, · · · ,Rk−1,R
∗
k, · · · ,R∗n] (3.26)

Comparison of net contributions

As the model term pk of interest has now been moved to the nth position in the full

regression matrix Pn, its contribution to the cost function needs to be reviewed. The

contribution of each candidate term is calculated based on the re-ordered terms pj (j =

1, · · · , n− 1). Specifically, aj,j and bj for j = n+ 1, · · · ,M are updated using

a∗j,j = a
(n+1)
j,j + (a∗n,j)

2/a∗n,n (3.27)

b∗j = b
(n+1)
j + b∗na

∗
n,j/a

∗
n,n (3.28)

The significance of the shifted term pk and those remaining in the candidate pool are

reviewed and their contributions to the cost function being recalculated as:

∆J∗n(pk) = ∆Jn(p∗n) = (b∗n)2/a∗n,n (3.29)

∆J∗n(φj) = (b∗j )
2/a∗j,j (3.30)

Now, assuming ∆J∗n(φs) = max{∆J∗n(φj), j = n + 1, · · · ,M}, and that ∆J∗n(φs) >

∆Jn(p∗n), then φs will replace p∗n in the regression matrix P∗n, and p∗n will be returned

to the candidate pool and will take the position of φs. Meanwhile, the following terms

need to be updated according to this interchange:

• In the matrix A, the following terms are updated

a∗i,n = ai,s, a∗i,s = ai,n (i = 1, · · · , n− 1) (3.31a)
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a∗n,j =


as,s j = n

an,s j = s

φTs φj −
∑n−1

l=1 al,sal,j/al,l ∀j, j 6= n & j 6= s

(3.31b)

(a
(n+1)
j,j )∗ =

 an,n − (a∗n,s)
2/a∗n,n j = s

a∗j,j − (a∗n,j)
2/a∗n,n j 6= s

(3.31c)

• In the vector b,

b∗n = bs (3.32a)

(b
(n+1)
j )∗ =

 bn − a∗n,sb∗n/a∗n,n j = s

bj − a∗n,jb∗n/a∗n,n j 6= s
(3.32b)

The shifting and comparison procedures described above are repeated until no insignif-

icant term remains in the selected model. Finally, after a satisfactory model has been

constructed, the coefficients of each model term are computed recursively using (3.17).

3.1.3 The algorithm

The original two-stage selection algorithm described in previous section is now sum-

marised as follows:

step 1 Initialisation: Collect the data samples and form the regression matrix Φ.

step 2 Forward selection:

(a) Set the model size k = 0.

(b) At the first step, calculate aj,j and bj (j = 1, · · · ,M) using (3.10) and (3.11).

Then compute their net contributions to the cost function using (3.14), and

find the most significant one. Update a
(2)
j,j and b

(2)
j (j = 2, · · · ,M) for use

in the next selection.

(c) At the kth (2 ≤ k ≤ n) step, calculate the net contribution for each of the

candidate model term φj(k ≤ j ≤ M) using a
(k)
j,j and a

(k)
j,y . Add the most

significant term to the regression matrix and update a
(k+1)
j,j and b

(k+1)
j for

j = k + 1, · · · ,M .

(d) If some specified stop criterion is met or the desired number of model terms

is reached, move to Step 3. Otherwise, set k = k + 1, and go back to 2(c).
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step 3 Backward model refinement:

(a) Interchange the positions of pk and pk+1 (k = n−1, · · · , 1), and update the

related terms in A and b.

(b) Continue 3(a) until the regressor pk moved to the nth position and then

update aj,j and bj using (3.27) and (3.28).

(c) Calculate the new contribution of the shifted term and those remaining in

the candidate pool to the cost function.

(d) If the net contribution of the shifted term ∆J∗n(p∗n) is less than that of a

candidate one ∆J∗n(φs), replace p∗n with φs, and return p∗n to the candidate

pool to take the position of φs. Make the changes defined in (3.31) - (3.32).

Otherwise, set k = k − 1 (if k > 1), and go to step 3(a) or, if k = 1, go to

the next step.

(e) If one or more model terms are changed in last review, then reset k to n−1,

and repeat steps 3(a) − 3(d) to re-view all the selected terms. Otherwise,

terminate the review stage.

Figure 3.4 contains a flowchart for the TSS algorithm. The next section will discuss the

extension of two-stage selection to multi-output systems.

3.1.4 Two-stage selection for multi-output systems

The original two-stage selection can be easily extended to multi-output models with

a linear-in-the-parameters (LIP) structure. Consider a general multi-output non-linear

system, with p inputs and m outputs, represented by a LIP model as

yj(t) =
n∑
k=1

θk,jϕk(x(t)) + ej(t) (3.33)

where yj(t), j = 1, · · · ,m is the jth measured output at sample time t, x(t) ∈ <p is the

system input vector, θk,j denotes the linear coefficient of the kth model term to the jth

output, and ej(t) represents the modelling error of the jth output at sample time t.

With N data samples used for model training, (3.33) can be rewritten in matrix form

as

Y = ΦΘ + Ξ (3.34)
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Figure 3.4: The algorithm of original Two-Stage Selection
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where Y = [y(1),y(2), · · · ,y(N)]T ∈ <N×m is the desired output matrix with y(t) =

[y1(t), y2t, · · · , ym(t)]T ∈ <m×1, t = 1, · · · , N ; Φ ∈ <N×n is known as the regression

matrix, Θ ∈ <n×m denotes the coefficient matrix and Ξ ∈ <N×m represent the modelling

residual matrix.

In order to compute the significance of each model term, the cost function here is changed

to

J =‖ Ξ ‖2F
=‖ Y −ΦΘ ‖2F
= tr

{
(Y −ΦΘ)T (Y −ΦΘ)

}
(3.35)

where ‖ � ‖F denotes the Frobenius norm. If the regression matrix Φ is of full column

rank, the least-squares estimate of Θ can be given by

Θ̂ = (ΦTΦ)−1ΦTY (3.36)

Following §3.1.1 and §3.1.2, the auxiliary vector b becomes a matrix B with elements

given by

bi,j , (p
(i−1)
i )Tyj , 1 ≤ j ≤ n (3.37)

At the kth step, the net contribution of each candidate term to the cost function now

becomes

∆Jk+1(φj) = tr

{
1

aj,j

(
bT (j)b(j)

)}
, j = k + 1, · · · ,M (3.38)

where bT (j) is the jth row of B. At the first stage, terms are selected and added to

the model until some appropriate criterion is met, where the Sum-Squared-Error (SSE)

becomes

SSE = tr
{
ΞTΞ

}
(3.39)

At the second model refinement stage, the changes in A are the same as shown in (3.20)

- (3.22) for the interchange of two adjacent terms and the same as in (3.27), (3.31) for

the comparison of net contributions.

By contrast, the updating of matrix B and its related terms are altered as follows:
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• To interchange the qth and (q + 1)th terms, the associated rows in B are altered

as

b∗(q) = b(q + 1) +
aq,q+1

aq,q
b(q) (3.40a)

b∗(q + 1) = b(q) +
aq,q+1

a∗q,q
b∗(q) (3.40b)

• With the model term of interest shifted to the nth position, the contribution of

this shifted term and the candidates are now recalculated as

∆J∗n(pk) = ∆Jn(p∗n) =
tr
{

(b∗(n))Tb∗(n)
}

a∗n,n
(3.41)

∆J∗n(φj) =
tr
{

(b∗(j))Tb∗(j)
}

a∗j,j
(3.42)

• If a candidate term φs, n+1 6 s 6M is more significant than the one of interest,

B is updated by

b∗(n) = b(s) (3.43a)

(
b(j)(n+1)

)∗
=

 b(n)− (a∗n,s/a
∗
n,n)b∗(n) j = s

b(j)− (a∗n,j/a
∗
n,n)b∗(n) j 6= s

(3.43b)

Finally, after a satisfactory model has been constructed, the coefficients of each model

term can be calculated using

θ̂T (j) =
1

aj,j

bT (j)−
n∑

i=j+1

aj,iθ̂
T (i)

 , j = n, n− 1, · · · , 1. (3.44)

where θ̂(j) represents the jth row of matrix Θ.

According to the above discussion, the code for the original two-stage selection or fast

recursive algorithm can be easily revised for multi-output systems by considering the

differences given in (3.37) - (3.44). For the sake of mathematical convenience the im-

proved two-stage selection algorithms will be presented only for single output system in

what follows.

3.2 Integrating Bayesian regularisation [102]

In a subset construction scheme, the model terms that maximally reduce the cost func-

tion are selected at each step. According to (2.40), a suitable cost function with local
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regularisation is given by:

J = eTe + θTΛθ (3.45)

where Λ = σ2H is a diagonal regularization matrix, and λi = σ2αi is the ith diagonal

element. Each regularizer λi has the same properties as αi in (2.40), because the noise

variance is constant at each iteration.

Similarly, if the regression matrix Pn is of full column rank, the regularised least-squares

estimates of the model coefficients are given by

θ̂ = (PT
nPn + Λn)−1PT

ny (3.46)

and the associated cost function then becomes

J(Pn, θ̂) = yTy − yTPn(PT
nPn + Λn)−1PTy (3.47)

As discussed in previous section, the non-linear model produced by forward construction

scheme is not optimal [57] since previously selected model terms introduce a prior while

calculating the contribution of a new regressor. Forward model construction therefore

only performs a constrained optimization at each step. This limitation is solved by a

second model refinement stage, as detailed next.

3.2.1 Stage 1 - Locally regularised forward construction

In order to simplify the calculation of the net contribution of each model term, a recursive

matrix Mk and residual matrix Rk are defined:

Mk , ΦT
kΦk + Λk k = 1, · · · , n (3.48)

Rk , I−ΦkM
−1
k ΦT

k R0 , I (3.49)

Again, the residual matrix Rk can be updated recursively by (see appendix A for the

derivations):

Rk+1 = Rk −
Rkφk+1φ

T
k+1Rk

φTk+1Rkφk+1 + λk+1
(3.50)
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Unfortunately, the properties described in (3.4) - (3.6) no longer hold. The only one

remaining here is that: any changes in the selection order of the model terms p1, · · · ,pk
do not change the value of the residual matrix (see appendix A for more detail). Thus,

R1,··· ,p,··· ,q,...,k = R1,··· ,q,··· ,p,...,k, p, q ≤ k (3.51)

Using (3.49) the cost function in (3.47) can be rewritten as:

J(Pk) = yTRky (3.52)

At this forward stage, the regressors are selected one at a time. Suppose at the kth step,

another term φj , (k + 1 6 j 6M) is to be selected. The net contribution of this φj to

the cost function becomes:

∆Jk+1(φj) = yT (Rk+1 −Rk)y =
(yTφ

(k)
j )2

φTj φ
(k)
j + λj

(3.53)

According to (3.50), this net contribution can be further simplified by defining an aux-

iliary matrix A ∈ <k×M , a vector b ∈ <M×1 and two temporary matrices C ∈ <k×k,
D ∈ <k×(k+1) with elements given by

ai,j ,

 (p
(i−1)
i )Tpj , 1 ≤ j ≤ k

(p
(i−1)
i )Tφj , k < j ≤M

(3.54)

bi ,

 (p
(i−1)
i )Ty, 1 ≤ i ≤ k

(φ
(k)
i )Ty, k < i ≤M

(3.55)

ci,j ,

 0 j > i

ai,j/λj , 1 < j ≤ i
(3.56)

di,j ,

 0 j ≤ i
(p

(j−1)
i )Ty/λi, i < j ≤ k

(3.57)
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Referring to the updating of the residual matrix in (3.50), ak,j , ck,j , bk and di,k can be

computed as follows (see appendix A for more detail):

ak,j = pTkφj −
k−1∑
l=1

al,kal,j/(al,l + λl) k = 1, · · · , n, j = 1, · · · ,M. (3.58)

ck,j = aj,k/(aj,j + λj)−
k−1∑
l=j+1

(al,kcl,j)/(al,l + λl) k = 1, · · · , n, j = 1, · · · , k − 1.

(3.59)

bk = pTk y −
k−1∑
l=1

(al,kcl,l)/(al,l + λl) k = 1, · · · , n. (3.60)

di,k = bi/(ai,i + λi)−
k−1∑
l=i+1

(cl,ibl)/(al,l + λl) k = 1, · · · , n, i = 1, · · · , k − 1. (3.61)

Now, substituting (3.54) and (3.55) into (3.53), the net contribution of φj , j = k +

1, · · · , N to the cost function can be expressed as:

∆Jk+1(φj) =
b2j

aj,j + λj
(3.62)

The candidate term that provides the largest contribution is selected, and again this

procedure continues until some specified criterion (e.g., Akaike’s information criterion

(AIC)) is met or until a desired model size has been reached.

To further reduce the calculations involved in regressor selection, at the (k + 1)th step,

a
(k+1)
j,j and b

(k+1)
j (j = k + 1, · · · ,M) can still be pre-calculated recursively instead of

using (3.58) and (3.60). Thus,

a
(k+1)
j,j = a

(k)
j,j − a2k,j/(ak,k + λk) (3.63)

b
(k+1)
j = b

(k)
j − ak,jbk/(ak,k + λk) (3.64)

At the end of each selection, these terms are updated and stored for use in the next

comparison or selection. By default, a
(k)
j,j and b

(k)
j will be written as aj,j and bj in what

follows.
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With the model structure being decided, an effective way to obtain the related coefficients

is now given. It follows from the definition of Rk that,

ΦT
kRk = ΛkM

−1
k ΦT

k (3.65)

Referring to (3.46) and (3.65), θ̂k then follows as

θ̂k = M−1
k ΦT

k y = Λ−1k ΦT
kRky = dk+1 (3.66)

where dk+1 is the (k + 1)th column of matrix D, with elements from row 1 to row k.

3.2.2 Stage 2 - Locally regularised backward model refinement

With the model structure now determined, the order of terms in which they were selected

becomes unimportant. Therefore, the significance of each selected regressor is now

compared again with those remaining in the candidate pool. Noting that the last selected

one from the forward stage is always more significant than those left in the candidate

pool, the backward model refinement still contains the shifting of a term of interest to the

last position and a comparison of the net contributions to the cost function. However,

there are additional changes involved here.

Due to the interactions between previously selected regressors, any change in the order

of selection will affect the matrices A,C,D and the vector b in (3.54) - (3.57). Thus,

suppose a selected model term pk is to be moved to the nth position in the regression

matrix Pn. This can be achieved again by continuously interchanging two adjacent term

such that

p∗q = pq+1, p∗q+1 = pq, q = k, · · · , n− 1 (3.67)

(where the ∗ is used to indicate an updated value.) By noting the property expressed in

(3.51), it follows that only Rq in the residual matrix series is altered at each step. The

modifications involved in interchanging two adjacent regressors can be given as follows:

• In the regularisation matrix,

λ∗q = λq+1, λ∗q+1 = λq (3.68)
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• The residual matrix Rq is changed according to

R∗q = Rq−1 −
Rq−1p∗q(p

∗
q)
TRq−1

(p∗q)TRq−1p∗q + λ∗q
(3.69)

• In the matrix A, only ai,j , i ≤ j are used for regressor selection. The qth and the

(q + 1)th columns with elements from row 1 to q − 1 need to be modified

 a∗i,q = (p
(i−1)
i )Tpq+1 = ai,q+1

a∗i,q+1 = (p
(i−1)
i )Tpq = ai,q

, i = 1, · · · , q − 1 (3.70)

The elements of the qth row aq,j from column q to column M (j = q, · · · ,M) are

altered

a∗q,j =


aq+1,q+1 + a2q,q+1/(aq,q + λq) j = q

aq,q+1 j = q + 1

aq+1,j + aq,q+1aq,j/(aq,q + λq) j > q + 2

(3.71)

and the elements of the (q + 1)th row aq+1,j , (j = q + 1, · · · ,M) likewise change

a∗q+1,j =

 aq,q − a2q,q+1/(a
∗
q,q + λ∗q) j = q + 1

aq,j − aq,q+1a
∗
q,j/(a

∗
q,q + λ∗q) j > q + 2

(3.72)

• In the matrix C, only the qth row needs to be updated. The elements from column

1 to column q − 1 (j = 1, · · · , q − 1) are revised to

c∗q,j = cq+1,j + aq,q+1cq,j/(aq,q + λq) (3.73)

and the elements of the (q + 1)th row are also changed to

c∗q+1,j =

 aq,q+1/(a
∗
q,q + λ∗q) j = q

cq,j − aq,q+1c
∗
q,j/(a

∗
q,q + λ∗q) j < q

(3.74)

• In the vector b, only the qth and (q + 1)th elements are altered

b∗q = bq+1 + aq,q+1bq/(aq,q + λq) (3.75)

b∗q+1 = bq − aq,q+1b
∗
q/(a

∗
q,q + λ∗q) (3.76)

61



Chapter 3. Improved Two-Stage selection Integrating Bayesian regularisation

• In the matrix D, the qth and (q+ 1)th row, and the qth and (q+ 1)th column need

to be updated. More specifically, the qth and the (q + 1)th rows, with elements

from column q + 2 to n, are interchanged as follows

d∗q,j = dq+1,j , d∗q+1,j = dq,j , j = q + 1, · · · , n (3.77)

The elements of the qth column from row 1 to row q − 1 are changed to

d∗i,q = di,q+1 + bqcq,i/(aq,q + λq) (3.78)

and the (q + 1)th column with elements from row 1 to q are revised to

d∗i,q+1 =

 b∗q/(a
∗
q,q + λ∗q) i = q

di,q − b∗qc∗q,i/(a∗q,q + λ∗q) i < q
(3.79)

The above procedure continues until the kth regressor term is shifted to the nth position

in the full regression matrix Pn. Then aj,j and bj associated with each candidate term

are updated using

a∗j,j = a
(n+1)
j,j + (a∗n,j)

2/(a∗n,n + λ∗n) (3.80)

b∗j = b
(n+1)
j + b∗na

∗
n,j/(a

∗
n,n + λ∗n) (3.81)

The significance of the shifted term pk and those remaining in the candidate pool are

now reviewed. Their contributions to the cost function are recalculated as:

∆J∗n(pk) = ∆Jn(p∗n) = (b∗n)2/(a∗n,n + λ∗n) (3.82)

∆J∗n(φj) = (b∗j )
2/(a∗j,j + λ∗j ) (3.83)

Similarly, assuming ∆J∗n(φs) = max{∆J∗n(φj), j = n+ 1, · · · ,M}, and that ∆J∗n(φs) >

∆Jn(p∗n), then φs will replace p∗n in the regression matrix P∗n, and p∗n will be returned

to the candidate pool and will take the position of φs. Meanwhile, the following terms

need to be updated according to this interchange:
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• Two terms are changed in the matrix Λ

λ∗n = λs, λ∗s = λn (3.84)

• In the matrix A, the following terms need to be revised

a∗i,n = ai,s, a∗i,s = ai,n (i = 1, · · · , n− 1) (3.85a)

a∗n,j =


as,s j = n

an,s j = s

φTs φj −
∑n−1

l=1 al,sal,j/(al,l + λl) ∀j, j 6= n & j 6= s

(3.85b)

(a∗j,j)
(n+1) =

 an,n − (a∗n,s)
2/(a∗n,n + λ∗n) j = s

a∗j,j − (a∗n,j)
2/(a∗n,n + λ∗n) j 6= s

(3.85c)

• In the matrix C, the nth row with elements from column 1 to column n − 1 are

updated using

c∗n,j =
a∗j,n

(aj,j + λj)
−

n−1∑
l=j+1

a∗l,ncl,j
(al,l + λl)

(3.86)

• In the vector b,

b∗n = bs (3.87a)

(b
(n+1)
j )∗ =

 bn − a∗n,sb∗n/(a∗n,n + λ∗n) j = s

bj − a∗n,jb∗n/(a∗n,n + λ∗n) j 6= s
(3.87b)

• Finally, in the matrix D, only the (n+ 1)th column, with elements from row 1 to

row n, needs to be altered

d∗i,n+1 =

 b∗n/(a
∗
n,n + λ∗n) i = n

di,n − c∗n,ib∗n/(a∗n,n + λ∗n) i < n
(3.88)

These shifting and comparison operations are repeated until no insignificant terms re-

main in the regression matrix Pn.
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3.2.3 Updating the regularisation parameters

When the model refinement procedure has been completed, the regularisation parame-

ters then need to be updated. From (2.54), (2.55) and (3.45), it follows that:

λnewi = αnewi (σ2)new =
γi
θi

eTe

N − γ (3.89)

where

γ =

n∑
i=1

γi γi = 1− λihi (3.90)

and hi is the ith diagonal element of the inverse of recursive matrix M−1
k defined in (3.1).

Now defining hk = diag(M−1
k ), this vector can also be updated recursively as follows

(see appendix A for more detail):

hk+1 = [hk + [cT (k + 1)].2z, z] (3.91)

where

z = (ak+1,k+1 + λk+1)
−1 (3.92)

[�].2 denotes the square operation on each elements and c(k + 1) is the (k + 1)th row of

matrix C, with elements from column 1 to column k.

The required model coefficients θ̂i, i = 1, · · · , n are then simply the (n+ 1)th column of

the matrix D as shown in (3.66).

3.2.4 The algorithm

The algorithm for the locally regularised two-stage selection described above can now

be summarised as follows. (Figure 3.5 shows a flowchart to help with coding):

step 1 Initialisation: Collect the data samples and form the regression matrix Φ. Assign

λi, 1 6 i 6M the same small positive value (e.g. 0.001).

step 2 Forward selection:
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(a) Set the model size k = 0.

(b) At the first step, calculate aj,j and bj (j = 1, · · · ,M) using (3.54) and (3.55).

Then compute their net contributions to the cost function using (3.62), and

find the most significant one. Update a
(2)
j,j and b

(2)
j (j = 2, · · · ,M) for use

in the next selection.

(c) At the kth (2 ≤ k ≤ n) step, calculate the net contribution for each of

the candidate terms φj (k ≤ j ≤ M) using a
(k)
j,j and b

(k)
j . Add the most

significant one to the regression matrix and update a
(k+1)
j,j and b

(k+1)
j , for

j = k + 1, · · · ,M .

(d) If some pre-selected stop criterion is met or the desired model size is reached,

move to Step 3. Otherwise, set k = k + 1, and go back to 2(c).

step 3 Backward model refinement:

(a) Interchange the positions of pk and pk+1 (k = n−1, · · · , 1), and update the

related terms according to (3.68), (3.70) - (3.79).

(b) Continue 3(a) until the regressor pk is moved to the nth position and then

update aj,j and bj using (3.80) and (3.81).

(c) Calculate the new contribution of the shifted term and those remaining in

the candidate pool to the cost function.

(d) If the net contribution of the shifted term ∆J∗n(p∗n) is less than that of a

candidate one ∆J∗n(φs), replace p∗n with φs, and return p∗n to the candidate

pool at the position of φs. Make the changes defined in (3.84) - (3.88).

Otherwise, set k = k − 1 (if k > 1), and go to step 3(a) or if k = 1, go to

the next step.

(e) If one or more terms are changed in the last review, then reset k to n − 1,

and repeat steps 3(a)−3(d) to review all the selected regressors. Otherwise,

terminate the review stage.

step 4 Using the final set of selected regressors, calculate hk (k = 1, · · · , n) recursively

using (3.91) and obtain the coefficient vector θ̂ from the matrix D. Then update

the λi for each selected term using (3.89) and (3.90).
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step 5 Put all n selected regressors together to from a small candidate pool, and itera-

tively execute steps 2 and 4. If the pre-set maximum iteration number is reached

or the change in γ is less than some specified tolerance, the process is terminated.

3.2.5 Computational complexity

As was shown in [57], the computation in the two-stage algorithm is dominated by the

forward construction. In the algorithm described above, the regularisation procedure

does not introduce much additional computation. Thus the method presented here still

provides an efficient way of constructing compact non-linear model. Suppose there are

initially M candidate terms in the selection pool, and only n of them are to be included

in the final model. If N data samples are available for training, the computation in-

volved in Locally Regularised Orthogonal Least Squares (LROLS) using Modified Gram-

Schmidt orthogonalisation, Locally Regularised Fast Recursive Algorithm (LRFRA) and

the method just outlined are now all reviewed.

The computational complexity is measured in terms of the total number of basic arith-

metic operations of addition/subtraction and multiplication/division. For LROLS, the

computation at the first iteration is given by

C(OLS) ≈ 8NM(n− 0.5)− 2N(2n2 − 3n− 1)

+M(4n− 1)− n(2n− 1) (3.93)

and in the iterations which follow, only the selected n regressors are used to form the

candidate pool. Thus, the total computation for LROLS in updating the regularisation

parameters is given by

C
(update)
(OLS) ≈ 2N(2n2 + n+ 1) + 2n2 (3.94)

For the new algorithm discussed here, the computation at the first stage is the same as

FRA, and is given by

C(FRA) ≈ 2NM(n+ 1) +M(3n2 + 27n− 32)/2−

N(n2 − n+ 1) + n(n− 1)(40n+ 98)/3 (3.95)
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Figure 3.5: Locally regularised, two-stage selection algorithm
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Table 3.1: Comparison of the computational complexity between locally regularised
OLS, locally regularised FRA and the new algorithm. (N is the number of total data
samples, M is number of initial candidate model terms, n denotes the final model size,
k is the number of iterations in updating the regularisation parameters and l represents

the number of check loops in the second refinement stage)

Algorithm First iteration following k iterations

LROLS 8NMn 4Nkn2

LRFRA 2NMn (N + 16n)kn2

New 2NMn+ 4Mn(n+ 7)l (N + 16n)kn2

The computation involved in the second refinement stage includes the shifting of a

selected model term to the last position, comparison of the new contribution and the

change of the term of interest with a candidate one. In the extreme case, each previously

selected regressor is less significant than a candidate one from the pool, in which case

the total computation involved in one refinement cycle is given by

C(2nd) ≈ 4Mn(n+ 7) + 2Nn(n− 2)− n(5n2 + 93n+ 52)/6 (3.96)

Normally, most of the shifted terms are more significant than any candidate ones, in

which case the value from (3.96) should be much smaller. Like LROLS, the updating

of the regularisation parameters only involves the selected n regressors, and only the

forward construction procedure is implemented, the total computation is therefore given

by

C
(update)
(FRA) ≈ N(n2 + 3n− 1) + 2n(8n2 + 17n− 22) (3.97)

In practice, n � N and n � M . Suppose k (normally k < 10) iterations are imple-

mented to update the regularisation parameters, and l check loops are executed at the

model refinement stage. The main computation complexity of the three algorithms are

compared in Table 3.1. This shows that the computation involved in the method dis-

cussed here is not much larger than that of LRFRA, and is about half that of LROLS.

Figure 3.6 further compares the computations involved in three methods according to

different number of training samples and different model size.

The performance of locally regularised two-stage selection will be evaluated in Chapter

5 and Chapter 6 on both simulation and real world data.
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Figure 3.6: Comparison of the computations involved in locally regularised subset
selection algorithms (Suppose 10 iterations are executed to update the regularizers,
5 check loops are implemented in the second model refinement stage. Scenario 1:

N = 200, n = 10; Scenario 2: N = 400, n = 10; Scenario 3: N = 200, n = 20; )

3.3 Automatic construction based on LOO [103]

By employing leave-one-out cross validation, the significance of each model term is eval-

uated and selected with the LOO error being maximally reduced each time. Further,

this selection process can be automatically terminated at the point where the LOO er-

ror starts to increase. From (2.39), the corresponding model residual at sample time t

becomes

ε
(−t)
k (t) =

y(t)− pk(t)M
−1
k PT

k y

1− pk(t)M
−1
k pTk (t)

=
εk(t)

1− pk(t)M
−1
k pTk (t)

(3.98)

and the LOO error is given by

Jk =
1

N

N∑
t=1

(ε
(−t)
k (t))2 (3.99)

If one more regressor term pk+1 is selected, the regression matrix changes to Pk+1 =

[Pk, pk+1]. The selected term should maximally reduces the LOO error compared to

all the remaining available candidates. However, this choice still involves a constrained

minimization of Jk+1, which will be solved in a second model refinement stage.
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3.3.1 Automatic forward selection - first stage

The reduction of computation in this automatic subset selection is also based on the

introduction of a residual matrix Rk as defined in (3.2). All the properties shown in

(3.3) - (3.7) still hold here.

By expressing the residual vector ek as

ek = y −PkM
−1
k PT

k y = Rky (3.100)

(where ek = [εk(1), · · · , εk(t), · · · , εk(N)]T ) and noting that the denominator in (3.98)

is just the tth diagonal element of the residual matrix Rk, the LOO error in (3.99) can

now be rewritten as

Jk =
1

N

N∑
t=1

ε2k(t)

r2k(t)
(3.101)

where rk = diag(Rk).

According to (3.3), the LOO error above can be further simplified by defining the same

auxiliary matrix A ∈ <k×M , and a vector b ∈ <M×1, with elements given by

ai,j ,

 (p
(i−1)
i )Tpj , 1 ≤ j ≤ k

(p
(i−1)
i )Tφj , k < j ≤M

(3.102)

bi ,

 (p
(i−1)
i )Ty, 1 ≤ i ≤ k

(φ
(k)
i )Ty, k < i ≤M

(3.103)

Similarly, the following terms can be updated recursively:

ak,j = pTkφj −
k−1∑
l=1

al,kal,j/al,l, k = 1, · · · , n, j = 1, · · · ,M. (3.104)

bk = pTk y −
k−1∑
l=1

(al,kbl)/al,l k = 1, · · · , n. (3.105)

p
(k−1)
k = p

(k−2)
k − ak−1,k

ak−1,k−1
p
(k−2)
k−1 (3.106)

rk = rk−1 −
[
p
(k−1)
k

].2
/ak,k (3.107)

ek = ek−1 −
bk
ak,k

p
(k−1)
k (3.108)
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The LOO error in (3.101) can now be calculated recursively using (3.107) and (3.108).

In this forward construction stage, the significance of each model term is measured based

on its reduction in LOO error. Thus, suppose at the kth step, one more term from the

candidate pool is to be selected. The new LOO error of the model, which includes the

previously selected k terms and the new candidate one, will be computed from (3.101).

The one that gives the minimum LOO error Jk+1 will be added to the model. Meanwhile,

all the regressors in Φ will have been stored in their intermediate forms for the next

selection. Thus, if the kth term is added to the model, then all previously selected terms

will be saved as p
(0)
1 , · · · ,p(k−1)

k , and all the remaining regressors in the candidate pool

will be saved as φ
(k)
i , i = k + 1, · · · ,M . The diagonal elements aj,j in A, and bj for

k + 1 ≤ j ≤M are also pre-calculated for use in the next selection, and are given by

a
(k+1)
j,j = a

(k)
j,j − a2k,j/ak,k (3.109)

b
(k+1)
j = b

(k)
j − ak,jbk/ak,k (3.110)

This procedure continues until the LOO error starts to increase, meaning the forward

selection stage will be automatically terminated when

Jn ≤ Jn+1 (3.111)

resulting in a compact model with n terms.

3.3.2 Backward model refinement - second stage

This stage involves the elimination of insignificant terms due to any constraint introduced

in the forward construction. Unlike the original two-stage selection, the backward model

refinement here can be divided into three main procedures: firstly, a selected term

pk, k = 1, · · · , n−1 is shifted to the nth position as it was the last selected one; secondly,

the LOO error of each candidate term is re-calculated, and compared with the shifted

one. If the LOO error of a selected term is larger than that of a term from the candidate

pool, it will be replaced, leading to the required improvement in model generalization

performance. This review is repeated until no insignificant term remains in the selected

model. Finally, all the selected terms are used to form a new candidate pool, and the
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forward construction stage is implemented again, probably further reducing the model

size.

Re-ordering of regressor terms

Suppose a selected model term pk is to be moved to the nth position in the regres-

sion matrix Pn. This can be again achieved by repeatedly interchanging two adjacent

regressors, and the following terms are updated at each step:

• In matrix A, only the upper triangular elements ai,j , i ≤ j are used for model term

selection. The qth and the (q + 1)th columns, with elements from row 1 to q − 1,

need to be modified (i = 1, · · · , q − 1)

 a∗i,q = (p
(i−1)
i )T pq+1 = ai,q+1

a∗i,q+1 = (p
(i−1)
i )T pq = ai,q

(3.112)

The elements of qth row aq,j from column q to column M (j = q, · · · ,M) are also

changed using

a∗q,j =


aq+1,q+1 + a2q,q+1/aq,q j = q

aq,q+1 j = q + 1

aq+1,j + aq,q+1aq,j/aq,q j > q + 2

(3.113)

and the elements of the (q + 1)th row aq+1,j , (j = q + 1, · · · ,M) are also revised

by

a∗q+1,j =

 aq,q − a2q,q+1/a
∗
q,q j = q + 1

aq,j − aq,q+1a
∗
q,j/a

∗
q,q j > q + 2

(3.114)

• For the vectors b, only the qth and the (q + 1)th elements are changed. Thus

b∗q = bq+1 + aq,q+1bq/aq,q (3.115)

b∗q+1 = bq − aq,q+1b
∗
q/a
∗
q,q (3.116)
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• Finally, p
(q−1)
q and p

(q)
q+1 are updated using

(p(q−1)
q )∗ = p

(q)
q+1 +

aq,q+1

aq,q
p(q−1)
q (3.117)

(p
(q)
q+1)

∗ = p(q−1)
q − aq,q+1

a∗q,q
(p(q−1)

q )∗ (3.118)

This procedure continues until the kth regressor is shifted to the nth position. Its sig-

nificance is now ready for re-evaluation as well as those remaining in the candidate

pool.

LOO error comparison

Though the regressor term pk has been moved to the nth position in the full regression

matrix Pn, the LOO error of those previously selected n terms remains unchanged, while

the new LOO errors of the regressor in the candidate pool must be re-calculated. The

terms to be changed for n+ 1 ≤ j ≤M are as follows:

a∗j,j = aj,j + (a∗n,j)
2/a∗n,n (3.119)

b∗j = bj + b∗na
∗
n,i/a

∗
n,n (3.120)

(φ
(n−1)
j )∗ = φ

(n)
j +

a∗n,j
a∗n,n

(p(n−1)
n )∗ (3.121)

r∗j = rn +
1

a∗n,n

[
(p(n−1)

n )∗
].2
− 1

a∗j,j

[
(φ

(n−1)
j )∗

].2
(3.122)

e∗j = en +
b∗n
a∗n,n

(p(n−1)
n )∗ −

b∗j
a∗j,j

(φ
(n−1)
j )∗ (3.123)

where [�].2 denotes the square operation on each elements.

Now, suppose a regressor φs from the candidate term pool has a smaller LOO error than

the model term of interest, that is J∗n(p∗n) < J∗n(φs). In this case, φs will replace p∗n

in the selected regression matrix P∗n, and p∗n will be put back into the candidate term

pool. Meanwhile, the following related terms are updated:

• The vectors en and rn are changed to:

e∗n = es, r∗n = rs (3.124)

73



Chapter 3. Improved Two-Stage selection Integrating LOO criterion

• In the matrix A

a∗i,n = ai,s, a∗i,s = ai,n (i = 1, · · · , n− 1) (3.125)

a∗n,j =


as,s j = n

an,s j = s

φTs φj −
∑n−1

l=1 al,sal,j/al,l ∀j, j 6= n & j 6= s

(3.126)

(a
(n+1)
j,j )∗ =

 an,n − (a∗n,s)
2/a∗n,n j = s

a∗j,j − (a∗n,j)
2/a∗n,n j 6= s

(3.127)

• In the vector b,

b∗n = bs (3.128)

(b
(n+1)
j )∗ =

 bn − a∗n,sb∗n/a∗n,n j = s

bj − a∗n,jb∗n/a∗n,n j 6= s
(3.129)

• Finally, p
(n−1)
n and φ

(n)
j for n < j ≤M are updated according to

(p(n−1)
n )∗ = φ(n−1)

s (3.130)

(φ
(n)
j )∗ = φ

(n−1)
j −

a∗n,j
a∗n,n

(p(n−1)
n )∗ (3.131)

Model refinement

The two procedures in §3.3.2 and §3.3.2 are repeated until there are no remaining in-

significant model terms in the full regression matrix Pn. As described in the forward

selection stage, the reduction in LOO error involves a constrained minimization, since

the selection of additional model terms will depend on those previously chosen. This is

also true in determining the stopping point at this step. The model size from the first

stage in the model is not optimal. Figure 3.7 illustrates n regressors being selected in

the first stage, with a further reduction of the LOO error given during the second stage

at the value n. However, this number n is not the optimal model size at the second stage

since n′ is now a better stop point than n. The third procedure involves re-ordering the

selected regressors by their contributions to the model. This is done by putting all n

selected regressors into a smaller term pool, and applying forward selection again. This

process will either be automatically terminated at the point n′, or when all n terms have
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been re-selected. Additionally, backward elimination approaches can also be employed

at this procedure as the the model size is small here, and the computation does not

increase much.

LO
O

E
rr

or

Number of model terms

nn’

First Stage
Second Stage

Figure 3.7: LOO error at different stages (The forward selection stage stopped at n,
and the second stage stopped at n′, n′ ≤ n)

3.3.3 Algorithm

The algorithm for automatically selecting a compact sub-model can now be summarized

here and Figure 3.8 contains the corresponding flowchart.

Step 1 Initialization: Construct the candidate regression matrix Φ, and let the model

size k = 0. Then assign the initial value for the following terms (j = 1, · · · ,M):

• J0 = 1
N

N∑
t=1

y(t)2;

• r0 = [1, · · · , 1]T ∈ <N×1; e0 = y;

• φ(0)
j = φj ; a

(1)
j,j = φTj φj ; b

(1)
j = φTj y;

Step 2 Forward selection:

(a) At the kth step (1 ≤ k ≤ M), use (3.107), (3.108) and (3.101) to calculate

rj , ej and their corresponding LOO error Jk for each candidate term.

(b) Find the candidate regressor that gives the minimal LOO error, and add it

to the regression matrix P. Then update ak,j and pre-calculate φ
(k)
j , a

(k+1)
j,j ,

and b
(k+1)
j for j = k + 1, · · · ,M .

(c) If the LOO error Jk−1 > Jk, set k = k+1, and go back to step a). Otherwise,

go to Step 3.
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Step 3 Backward model refinement:

(a) Change the position of pk with pk+1, (k = n − 1, · · · , 1), and update the

related terms using (3.112) - (3.118).

(b) Continue the above step until the regressor pk has been moved to the nth

position.

(c) Update aj,j ,bj ,φ
(n−1)
j ,rj ,ej for each candidate regressors using (3.119) -

(3.123), and compute their new LOO errors.

(d) If the LOO error of the candidate term J∗n(φs) is less than J∗n(p∗n), then

replace p∗n with φs, and put p∗n back into the candidate term pool. Update

the related terms according to (3.124) - (3.131).

(e) If k > 1, set k = k − 1, and go to step 3(a)

(f) If one or more regressor terms were changed in the last review, then set

k = n − 1, and repeat steps 3(a) − 3(e) to review all the terms again.

Otherwise, the procedure is terminated.

Step 4 Final forward selection: Put all n selected regressor terms together to form a

small candidate term pool, and apply the forward selection procedure again.

This selection process automatically terminates at n0, n0 ≤ n

3.3.4 Computational complexity

The computation in two-stage selection with Leave-One-Out cross validation used is

mainly dominated by the first forward selection stage. It will be shown that the method

discussed here is still more efficient than Orthogonal Least Squares (OLS). Specifically,

suppose there are initially M candidate regressors in the selection pool, and only n terms

are to be included in the final model. As N data samples are used for training, the com-

putational complexity involved in OLS using standard Gram-Schmidt orthogonalisation,

Forward recursive algorithm (FRA), the two-stage selection and their combination with

Leave-One-Out cross validation are all now reviewed.

As before, the computational complexity is measured by the total number of basic

arithmetic operations involving addition/subtraction and multiplication/division. For
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Figure 3.8: Automatic two-stage selection algorithm
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OLS with Leave-One-Out cross validation, the total computation is given by

C(OLS) ≈ NM(2n2 + 11n)− n(n− 1)(11N +M − 1)/2

− n(n− 1)(2n− 1)(4N − 1)/6 + 2N − 2M (3.132)

For the first stage of the algorithm, the computation is the same as FRA with LOO,

and is given by

C(FRA) ≈ NM(13n+ 4)−Nn(13n− 9)

− n(7n+ 3) + 7Mn− 2M − 2N (3.133)

The computation for the second refinement stage includes the shifting of each selected

term to the last position, comparison of the new LOO error and changing the term

of interest with a candidate one. In the extreme case, all the terms of interest are

insignificant compared to a candidate regressor. The total computation involved in one

checking loop is calculated using

C(2nd) ≈ 4N(M − n) +m(3n2 − n+ 6)

+ 2N(n2 − 1)− n3 + 5n2 − 14n (3.134)

Generally, most of the shifted terms are more significant than the candidate ones, thus

the actual computation for the second stage is much less than (3.134), and the total

number of checking loops repeated is normally less than 5. In practice n� N and n�
M , so the computational effort mainly comes from the first stage in the above equations.

Table 3.2 compares the computations involved in these algorithms, while Figure 3.9

further illustrates their computations under different number of training samples and

different model size. It shows that the new technique described here needs about half

of the computation of OLS with LOO cross-validation.

Experiment results on both simulation data and real world data will given in Chapter 5

and Chapter 6 together with its comparison to other alternatives.
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Table 3.2: Comparison of computational complexity(5 checking loops are used at the
second stage; N is the number of samples; M is the size of initial term pool and n

represents the final model size)

Algorithm Computation

OLS 2NM(n2 + 2n)
OLS + LOO NM(2n2 + 11n)
FRA 2NMn
FRA + LOO 13NMn
Two-stage NM(4n+ 15)/2
New NM(13n+ 20)

OLS OLS+LOO FRA FRA+LOO TSS TSS+LOO
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Figure 3.9: Comparison of the computations with different number of training samples
and different model size (Suppose 5 check loops are implemented in the second model
refinement stage. Scenario 1: N = 200, n = 10; Scenario 2: N = 400, n = 10; Scenario

3: N = 200, n = 20; )

3.4 Locally regularised automatic two-stage selection

Though the Bayesian regularisation and Leave-One-Out cross validation are employed

separately in §3.2 and §3.3, they can be utilized together in an attempt to further enhance

the model sparsity and generalization capability.

Following the LOO criteria given in (3.99) and the auxiliary terms defined in (3.54) -

(3.57), the computation of ak,j , bk, ck,j , di,k, ek and rk are now given by:

ak,j = pT
kφj −

k−1∑
l=1

al,kal,j/(al,l + λl)

k = 1, · · · , n, j = 1, · · · ,M. (3.135)
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ck,j = aj,k/(aj,j + λj)−
k−1∑
l=j+1

(al,kcl,j)/(al,l + λl)

k = 1, · · · , n, j = 1, · · · , k − 1. (3.136)

bk = pT
k y −

k−1∑
l=1

(al,kcl,l)/(al,l + λl) k = 1, · · · , n. (3.137)

di,k = bi/(ai,i + λi)−
k−1∑
l=i+1

(cl,ibl)/(al,l + λl)

k = 1, · · · , n, i = 1, · · · , k − 1. (3.138)

rk = rk−1 − (p
(k−1)
k )2/(ak,k + λk) (3.139)

ek = ek−1 −
bk

ak,k + λk
p
(k−1)
k (3.140)

At the first forward construction stage, a
(k+1)
j,j and b

(k+1)
j can still be pre-calculated at

the end of kth step, and the selection process is terminated at the point when LOO error

starts to increase.

At the second stage, there are again three sub-procedures:

• Interchanging two adjacent model terms. Suppose the kth, (k = n−1, · · · , 1) model

term is of interest. Continuously interchanging two adjacent terms is still the only

way to move it to the last position. However, the alterations in Λ, A, b, C and D

are the same as shown in (3.68) - (3.79), while p
(q−1)
q and p

(q)
q+1 are updated using

(p(q−1)
q )∗ = p

(q)
q+1 +

aq,q+1

aq,q + λq
p(q−1)
q (3.141)

(p
(q)
q+1)

∗ = p(q−1)
q − aq,q+1

a∗q,q + λ∗q
(p(q−1)

q )∗ (3.142)

This procedure continues until the kth term has been moved to the nth position.

• LOO error comparison. The significance of the shifted term remains unchanged

while the LOO error of those still in the candidate pool need to be re-calculated.

To achieve this, the following variables are altered for j = n+ 1, · · · ,M .

a∗j,j = a
(n+1)
j,j + (a∗n,j)

2/(a∗n,n + λ∗n) (3.143)

b∗j = b
(n+1)
j + b∗na

∗
n,j/(a

∗
n,n + λ∗n) (3.144)
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(φ
(n−1)
j )∗ = φ

(n)
j +

a∗n,j
a∗n,n + λ∗n

(p(n−1)
n )∗ (3.145)

r∗j = rn +
1

a∗n,n + λ∗n

[
(p(n−1)

n )∗
].2
− 1

a∗j,j + λ∗j

[
(φ

(n−1)
j )∗

].2
(3.146)

e∗j = en +
b∗n

a∗n,n + λ∗n
(p(n−1)

n )∗ −
b∗j

a∗j,j + λ∗j
(φ

(n−1)
j )∗ (3.147)

Again, if a candidate term φs has smaller LOO error than the shifted one, φs

will replace p∗n. Meanwhile, Λ, A, b, C and D are updated according to (3.84) -

(3.88), and p
(q−1)
q , p

(q)
q+1 are altered by

(p(n−1)
n )∗ = φ(n−1)

s (3.148)

(φ
(n)
j )∗ = φ

(n−1)
j −

a∗n,j
a∗n,nλ∗n

(p(n−1)
n )∗ (3.149)

• Model refinement. As all the insignificant regressors being removed from the se-

lected model, the forward construction stage is again implemented by using the

selected n terms as a candidate pool. A smaller model may be achieved at a early

stopping point n0, (n0 < n).

It is obvious that the algorithm discussed in this section can be easily coded by taking

the LOO error criterion into account. Therefore, its summary and flowchart are not

presented. The modelling performance will also be evaluated later in Chapter 5 and

Chapter 6.

3.5 Summary

Subset selection is a widely used construction approach for linear-in-the-parameters

models. Theoretically, there are three strategies that can be adopted, including forward

selection, backward elimination and stepwise selection. The second choice are not usually

employed due to its high computational overhead. Forward selection provides an effective

alternative for compact model construction. However, the interaction between model

terms causes the forward selection to be an constrained minimization process. Stepwise

selection can eliminate such optimization constraints, but is still not efficient for large

data sets. Recently, a two-stage selection (TSS) technique was proposed based on the
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fast recursive algorithm (FRA). This removes the constraint by using an additional

model refinement stage with a small increase in the computational complexity.

In this chapter, the original TSS algorithm was first described with some improvement to

the recursive updating. The flowcharts were also presented for different implementations.

Additionally, as some non-linear systems have multiple outputs in practise, the original

TSS method was extended for multi-output by adopting the Frobenius norm as the cost

function.

Bayesian regularisation was also incorporated into the TSS algorithm to achieve compact

model construction. Though the residual matrix loses some desirables properties, by

introducing two additional auxiliary matrices, the locally regularised TSS method retains

its efficiency. More variables need to be taken into account while interchanging two

adjacent regressors and evaluating their significance.

Similarly, the leave-one-out cross validation has also been included for automatically

terminating the selection process. The original TSS method again needs to be modified

and additional variables were introduced to reduce the computation involved.

Following the separate treatment of Bayesian regularisation and leave-one-out cross vali-

dation, a more advanced method were then introduced, which combined these two tech-

niques to further enhance the model compactness and generalization capability. The

performances of all the above mentioned methods will be evaluated in Chapter 5 and

Chapter 6 on both simulation and real world data.

The next chapter will investigate some heuristic approaches for advanced model construc-

tion, including the Particle Swarm Optimization (PSO), Defferential Evolution (DE) and

the Extreme Learning machine (ELM).
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Model construction using

heuristic approaches

Following the advanced two-stage selection algorithms, this chapter will discuss some

heuristic approaches for model construction. The motivation is that the non-linear

parameters in the LIP model need to be pre-determined in conventional subset selection

methods. These may be obtained empirically or by exhaustive search, which is best

avoided in practice. Heuristic approaches however can find these non-linear parameters

by iterative learning. Unfortunately, optimizing all model parameters simultaneously

will inevitably need excessive computation. Subset selection methods can be utilized to

address such problem, leading to improved model generalization and compactness.

In this chapter, particle swarm optimization (PSO) will first be incorporated into auto-

matic two-stage selection, followed by application of an alternative known as differential

evolution (DE). Finally, the most recent extreme learning machine (ELM) method is

adopted for efficient model construction. In all cases, the criterion for terminating

the selection process is still based on leave-one-out cross validation. For the sake of

mathematical convenience, all these heuristic algorithms are proposed for RBF network

construction. However, the idea can be easily generalized to a wide range of non-linear

models that have a linear-in-the-parameters structure, such as the non-linear autore-

gressive with exogenous input (NARX).
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4.1 Two-stage construction using PSO

In this section, particle swarm optimization will be effectively integrated with two-stage

selection (TSS) to facilitate the optimization of both RBF centres and widths in an

RBF neural network model at each step. Unlike the original TSS technique which selects

centres from a candidate pool, this new algorithm randomly generates some initial points

(known as particles in the swarm) from the training data as starting points. Updating

rules are then applied to optimize these parameters based on to their contributions to the

cost function. The best global solution found by the entire swarm becomes the new RBF

centre to be added to the RBF network. This procedure continues until a satisfactory

network model has been constructed. A second refinement stage is then performed to

remove any constraint caused by the order in which the centres were selected. The

efficiency of PSO based two-stage selection is still retained from the original TSS due to

the recursive updating of the residual matrix.

4.1.1 First stage - PSO assisted forward selection

Here a swarm of size S is randomly generated at each step, where each particle includes

both a RBF centre vector from the training data and a widths vector randomly generated

from a specific range (e.g. [0.1,10]).

Suppose at kth step, a new centre is to be added from the swarm. The contribution

of each particle is measured by its reduction to the leave-one-out cross validation error

given in (3.101). In order to calculate such LOO error more efficiently, the auxiliary

matrix A and vector b defined in (3.10) and (3.11) are still required. Their elements

ai,j , bi and related φ
(i−1)
i , ri, and ei can be calculated recursively using (3.104)-(3.108).

Due the absence of candidate term pool, the elements in A and b however can be

computed directly instead of the recursive updating. For the sake of convenience, these

calculations at kth step are repeated here as:

φ
(k−1)
j = φ

(k−2)
j − ak−1,j

ak−1,k−1
p
(k−2)
k−1 (4.1)

ak,j = (p
(k−1)
k )Tφj , (4.2)
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bj = (φ
(k−1)
k )Ty (4.3)

rj = rk−1 −
1

aj,j

[
φ
(k−1)
j

].2
(4.4)

ej = ek−1 −
bj
aj,j

p
(k−2)
k−1 (4.5)

where φ
(0)
j = φj , r0 = I, and e0 = yTy. However, in this context, j becomes the index

of the particle in the swarm.

With the local best point pj and global best point pg determined, each particle is

updated using (2.56) and (2.57). When a pre-set number of repeated updates is reached,

the global best particle pg, which includes both centre vector and width vector, will then

be selected as the new node to be added to the RBF network model. This learning and

selection process continues until the LOO error starts to increase, resulting in an RBF

network with n hidden nodes. Here, the initial particles are chosen from the measured

data points rather than randomly generated in an attempt to improve convergence.

4.1.2 Second stage - PSO based backward network refinement

This stage is again used to eliminate insignificant centres. The last selected centre in the

forward construction is the only one that has been optimized for the entire network by

PSO. The backward refinement stage is therefore divided into two main parts. Firstly,

a selected centre pk, k = 1, · · · , n − 1 is shifted to the nth position by repeatedly

interchanging two adjacent centres. A new swarm is then generated, where the local

best and global best particles are updated based on the re-ordered n− 1 centres. When

the maximum number of iterations is reached, the contribution of the best centre from

the swarm is compared to the one at nth position. If the shifted centre is less significant,

it is replaced, to produce the required improvement in network generalization. This

review is repeated until a pre-defined number of check loops have been performed. This

differs from the earlier TSS method where the second stage is terminated when all the

selected centres are more significant than those in the candidate pool. The PSO assisted

refinement process proposed here randomly generates a new population each time, in

which the shifted centre is also regarded as a particle, and a better centre than the one

of interest can usually be found through the updating scheme in PSO.
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More specifically, suppose a selected centre pk is to be moved to the nth position. This

is achieved by repeatedly interchanging two adjacent centres, where A, b, p
(q−1)
q and

p
(q)
q+1 are altered using (3.112) - (3.118).

With the centre pk of interest moved to the nth position, its reduction to the LOO error

needs to be reviewed. To achieve this, a new swarm is generated, where the contribution

of each particle to the cost function is calculated based on the re-ordered centres.

According to (3.101), evaluating the significance of new particles involves ej and rj

which depend on the calculation of φ
(n−1)
j , an,j , aj,j , and bj . These can be given by

(4.2) - (4.5). When the maximum number of swarm updating cycles has been reached,

the best solution (suppose it is φs, s ∈ [1, S]) will be obtained. If this is not the one of

interest, it replaces p∗n. Meanwhile, the following terms will be updated:

e∗n = es, r∗n = rs (4.6)

a∗n,n = as,s a
∗
i,n = ai,s, (i = 1, · · · , n− 1) (4.7)

b∗n = bs (4.8)

(p(n−1)
n )∗ = φ(n−1)

s (4.9)

These shifting and comparison procedures are repeated until a pre-set number of check

loops has been performed. Finally, after a satisfactory network has been constructed,

the output layer weights can be obtained using (3.17).

4.1.3 Algorithm

The resulting overall algorithm for RBF network construction is summarized as follows.

Figure 4.1 contains the corresponding flowchart.

step 1 Initialization: Set the network size k = 0, and assign initial values for the follow-

ing terms:

• S: Size of swarm;

• G: Maximum number of particle updating;

• l: Index of swarm updating cycle;
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Figure 4.1: Automatic two-stage selection based on PSO
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• [umin,umax]: Search space of the particles, ui = [cTi , σ
T
i ]T ;

• [vmin,vmax]: Speed range of the particles;

• w0: Inertia weight in velocity updating;

step 2 At the kth step,

(a) Randomly select S samples from the training data set as starting points and

randomly generate the initial velocity v0;

(b) Compute the RBF output for each particle using a Gaussian function;

(c) Calculate p
(i−1)
k and ai,k for i = 1 · · · k, and bk, rk and, ek for each particle

using (4.1) - (4.5);

(d) Calculate the LOO error for each particle using (3.101), update the best

position that each particle has visited to date and the best position from

the entire swarm;

(e) Update the velocity and position for each particle using (2.56) and (2.57)

given in chapter 2;

(f) Check the value of velocity and position for each particle using (2.60) -

(2.61) and (2.63) - (2.65);

(g) If l < G, let l = l + 1 and go to 2(b); otherwise, go to the next step

(h) Update ai,k, for 1 ≤ i ≤ k, bk, p
(k−1)
k , rk and ek with the best solution found

by the swarm. If the LOO error starts to increase, go to step 3; otherwise,

let k = k + 1 and go to step 2(a);

step 3 Backward network refinement

(a) Change the position of pk with pk+1 (k = n − 1, · · · , 1), and update the

related terms using (3.112) - (3.118)

(b) Continue the above step until the regressor pk has been moved to the nth

position.

(c) Randomly generate a new swarm from the data samples, and update aj,j ,

bj , p
(n−1)
j , rj and ej for each particle using (3.112) - (3.118)

(d) Update the swarm for G cycles using (2.56) and (2.57).

(e) Compare the LOO error for the shifted centre and the best one from the

swarm. If the new point from the swarm is more significant, replace pn, and
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update en, rn, an,n, ai,n, bn and p
(n−1)
n using (4.6) - (4.9). If k = 1, go to

3(f). Otherwise, let k = k − 1 and go to 3(a) .

(f) If the pre-set number of check loops is reached, go to step 4; otherwise, let

k = n− 1 again and go to 3(a) to start a new check loop.

step 4 Use (3.17) to calculate the output layer weights.

4.1.4 Computational complexity analysis

The computation involved in the PSO assisted two-stage selection is mainly dominated

by the calculation of each particle’s contribution to the cost function. Since each new

particle can be regarded as a candidate centre, the total computation involved is propor-

tional to the size of swarm S, the total number of updating cycles G, and the network

size n.

Calculating the RBF function output also requires more computation. Conventionally,

the initial candidate centres are located at data samples and the RBF widths are fixed

leading to a single calculation of the RBF output. However, here the potential RBF

centres are not pre-determined and have to be optimized. The RBF width parameters

also vary as the particles update. Thus, the output of each hidden node needs to be

calculated during each step of the construction procedure. Nevertheless, though the

new method here is not as efficient as the earlier TSS, the total computation is still

acceptable compared to alternatives from the research literature.

Specifically, suppose the number of network inputs is p which is the same as the number

of width parameters σi in each node, so that 2p parameters need to be optimized by the

particles at each stage. With N data samples used for training, the computational com-

plexity involved in PSO assisted orthogonal least squares and this PSO based automatic

two-stage selection are reviewed.

The computational complexity is again measured by the total number of addition/sub-

traction and multiplication/division. For convenience, the power operation is treated as

one multiplication. As mentioned in [83], the computation involved in the PSO assisted

orthogonal least squares comprises two main parts: the selection process and the RBF
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Table 4.1: Comparison of the computational complexity of different algorithms (N is
the total number of data samples, n represents the final network size; S is the number
of particles in a swarm; G denotes the number of particle updating cycle and ls2 is the

number of check loop in the second stage of new method)

Algorithm Number of Computations

OLS + PSO [20] 2Nn(n+ 2p)SG
TSS + PSO 2Nn(n+ 2p)ls2SG
TSS + LOO + PSO Nn(2n+ 9)ls2SG

output calculation. The latter is given by

CPSO−RBF ≈ 4NnpSG (4.10)

By contrast, conventional OLS or TSS needs 3NMp operations for this component (M

is the total number of candidate centres. This is normally equal to N + 1 which is the

number of data samples plus an output bias). For the selection process of PSO assisted

OLS, the computation is given as

COLS+PSO+sel ≈
(

2Nn(n+ 1)− 2n− 1

2
n(n− 1)

)
SG (4.11)

For the two-stage selection, the original algorithm is more efficient than conventional

OLS. However, in this new method, the candidate centres are randomly generated and

updated, which leads to added computations at the second refinement stage. The oper-

ations involved in computing the RBF output thus becomes

CPSO+TSS+RBF ≈ 4NnpSG(ls2 + 1) (4.12)

where ls2 is the total number of check loops involved at the second stage. Experimental

results show that 2 or 3 cycles are sufficient to reduce most of the constraints introduced

by the first stage. Thus, the total computation apart from the RBF output calculation

is given by

CTSS+PSO+sel ≈
(
15N + (2Nn+ 9N + n2)ls2

)
nSG (4.13)

Normally the final network size is much smaller than the available data, so n � N .

The input size p may also be small. The main computation in PSO assisted OLS

and in PSO based two-stage selection are compared in Table 4.1. This shows that the
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using of leave-one-out cross validation doesn’t increase the computation much. The two-

stage selection based on PSO requires about 2-4 times more computation than the OLS

alternatives. However, it can then reduce the network size and enhance generalization.

Furthermore, the RBF width needs to be pre-determined with a conventional methods,

and the search for the optimal RBF width then involves much more computation than

the method described here. Thus, in practice the automatic two-stage selection based

on PSO remains competitive compared to the alternatives.

4.2 Two-stage construction using differential evolution

Similar to PSO, the differential evolution (DE) can also be incorporated into two-stage

selection to produce joint optimization of both the RBF centres and widths in an RBF

neural network. The main difference in this case is that the optimization involves a

special updating scheme which includes a series of mutation, crossover and selection

operations. The following will describe the detailed algorithm, with leave-one-out cross

validation still being utilized as the stopping criterion.

4.2.1 First stage - forward selection based on DE

Here, a population of size S is randomly generated at each step, where each solution

includes both RBF centre vectors from the training data and RBF widths from a specific

range (e.g. [0.1,10]). With several generations of updating, the best solution will be

chosen as the new RBF centre.

Suppose at kth step, a new centre is to be added. This is achieved by creating a new pop-

ulation with S solutions xj . The optimization then starts with mutation and crossover

on the first generation by using (2.66) and (2.68), resulting in S trial solution vectors

uj for next selection.

The criterion for selecting a better one between a solution vector xj and a trial vector uj

is given by their respective reductions in the leave-one-out cross validation error (3.101).

Efficiency is retained by defining a matrix A and vectors b, φ
(k−1)
j , rj and ej as shown

in (4.1) - (4.5).
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When a new generation has been selected, mutation and crossover are implemented

again, and selection is executed between the solution and trial vectors. This process

continues until a pre-set number of generations has been reached. Finally, the best

solution from the last generation is selected as the new RBF centre.

This forward construction stage is terminated when the LOO error starts to increase,

resulting in an RBF network with n hidden nodes.

4.2.2 Second stage - backward network refinement

The last selected centre in the forward construction is maximally optimized for the entire

network by DE. However, the other centres can be further optimized to reduce any

constraints introduced by the order of selection. This is achieved as follows. A selected

centre pk, k = 1, · · · , n−1 is first shifted to the nth position by repeatedly interchanging

two adjacent ones. A new population of size S is then generated and updated, where

the LOO error is measured based on the re-ordered n− 1 centres. When the maximum

number of generations is reached, the best solution from the final generation is compared

to the centre at nth position. If the latter is less significant, it is replaced, leading to

the desired improvement in the network generalization. This review is repeated until a

pre-defined number of check loops has been reached.

More specifically, the interchanging between two adjacent centres involves the modifi-

cation of A, b, p
(q−1)
q and p

(q)
q+1 as defined in (3.112) - (3.118), while the significance

evaluation of each new population involves the calculation of φ
(k−1)
j , ak,j , aj,j , bj , rj and

ej as given in (4.1) - (4.5) for j = 1, · · · , S, S + 1, · · · , 2S

If a new solution is found to be more significant than the shifted centre p∗n, it will replace

p∗n. Meanwhile, en, rn, an,n and p
(n−1)
n are updated using (4.6) - (4.9).

These shifting and comparison operations are repeated until a pre-set number of check

loops has been reached. The output layer weights are then computed recursively accord-

ing to (3.17).
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4.2.3 Algorithm

The overall algorithm is summarized as follows while Figure 4.2 contains the correspond-

ing flowchart.

step 1 Initialization: Set the network size k = 0, and assign initial values for the follow-

ing terms:

• S: Size of Population;

• G: Maximum number generations;

• F : Weight of vector different in mutation;

• Cr: Crossover constant;

step 2 At the kth step,

(a) Randomly select S samples from the training data set as centre vectors and

randomly generate their associated width vectors to form the first generation

x
(1)
j , (j = 1, · · · , S) of a new population;

(b) Implement mutation and crossover on the first generation to obtain the trial

vector u
(2)
j ;

(c) Compute the RBF output for both solution vector and trial vector using a

Gaussian function;

(d) Calculate ai,k (1 ≤ i ≤ k), bk, p
(k−1)
k , rk and ek for each solution in x

(1)
j

and u
(2)
j using (4.1) - (4.5);

(e) Compute the new LOO error for each solution using (3.101), and select the

next generation;

(f) If the maximum number of generations has been reached, go to next step;

otherwise, implement mutation and crossover again, and go to 2(c)

(g) Update the ai,k for 1 ≤ i ≤ k, bk, pk−1k , rk and ek with the best solution

found. If the LOO error starts to increase, go to step 3; otherwise, let

k = k + 1 and go to step 2(a);

step 3 Backward network refinement

(a) Change the position of pk with pk+1 (k = n − 1, · · · , 1), and update the

related terms using (3.112) - (3.118)
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Figure 4.2: Automatic two-stage selection based on DE
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(b) Continue 3(a) until the regressor pk has been moved to the nth position.

(c) Randomly generate a new population from the data samples, compute the

trial vector for the next generation, and calculate p
(n−1)
j , aj,j , bj , rj , and ej

for each solutions using (4.1) - (4.5);

(d) Select the new generation. Repeatedly update the population to find the

best solution.

(e) Compare the LOO error between the shifted centre and the new one. If

the latter is more significant than p∗n, replace p∗n, and update en, rn, an,n,

ai,n, bn and p
(n−1)
n using (4.6) - (4.9). If k = 1, go to 3(f). Otherwise, let

k = k − 1 and go to 3(a) .

(f) If the pre-set number of check loops has been reached, go to step 4; other-

wise, let k = n− 1 again and go to 3(a) to start a new check loop.

step 4 Use (3.17) to calculate the output layer weights.

4.2.4 Computational complexity analysis

The computation in the DE based two-stage selection is mainly dominated by the se-

lection process between solution vector x
(l)
j and trial vector u

(l+1)
j . Each solution in the

population can be regarded as a candidate centre. Thus, the total computation is still

proportional to the population size and total number of generations.

More specifically, suppose the number of network inputs is p which is also the size of

centre vector ci and width vector σi in each node, so that 2p parameters are included

in each solution. As n RBF centres are included in the final network, S(G+ 1)n candi-

date centres will be compared during the first stage, and S(G+ 1)nls2 (ls2 denotes the

total number of checking loops) candidate centres are involved in the second network

refinement stage.

By using N data samples for network training, the total computations involved in the

first stage of the DE based two-stage selection are given by:

Cs1 ≈ (15N + 3p)(G+ 1)Sn+ (n2 − 1)S (4.14)
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Table 4.2: Comparison of the computational complexity of different algorithms (N is
the total number of data samples, n represents the final network size; S is the number of
particles in a swarm; G denotes the number of particle updating cycles in PSO and total
generations in DE; and finally ls2 is the number of check loop in the second network

refinement stage)

Algorithm Number of computations

TSS + LOO NM(13n+ 4ls2)
TSS + LOO + PSO Nn(2n+ 9)GSls2
TSS + LOO + DE Nn(2n+ 9)(G+ 1)Sls2

The total computation involved in moving all the selected centres to the nth position is

Cs21 ≈ 2N(n+ 1) + n(n2 + 13n+ 4) (4.15)

Finally, the computation in searching for a new solution is given by

Cs22 ≈ (Nn+ 9N + n2 + 2n− 2)S(G+ 1) (4.16)

With ls2 reviewing loops executed at the second stage, the total computation required

is then given by

CTSSDE ≈ 15NS(G+ 1)n+N(2n+ 9)(G+ 1)Snls2 (4.17)

Normally the final network size is much smaller than the available data, so n� N . The

population size S and total generations G are also usually small. The main computation

involved in DE based two-stage selection and the alternatives are compared in Table 4.2.

This shows that the DE based method requires slightly more computations than PSO.

Additionally, the experimental results in chapter 5 and 6 indicate that the increases in

population size and in the total number of generations in DE have similar effects on

the performances of the obtained models. While in PSO based alternative, the model

performances is more sensitive to the swarm size.
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4.3 A fast approach based on the extreme learning ma-

chine

As RBF centre widths are normally pre-determined with conventional methods, it is

difficult to set an individual width (or width vector in a multi-input system) for each

centre. Most of the RBF centres are then not optimal and may insufficiently capture

the system non-linearities. Popular heuristic approaches, including particle swarm opti-

mization and differential evolution as discussed in §4.1 and §4.2, can optimize the model

parameters by iterative learning, but the computational complexities are inevitably in-

creased. By contrast, the extreme learning machine (ELM) can provide a more efficient

alternative for fast model construction.

The main concept in the ELM is to randomly choose the centre vectors and their associ-

ated width vectors. As mentioned in §2.5.3, this method tends to produce the smallest

training error and a better generalization performance than either PSO or DE. More-

over, the extreme learning machine can be easily incorporated into any subset selection

approach mentioned so far.

Suppose the final network size is n, and N training data are available. The following

two steps are implemented to form the regression matrix Φ:

• Choose the RBF centre vectors ci. This is achieved by randomly selecting n

(n ≤ N) samples from the training data. If N is small, it is preferable to choose

all the data available.

• Determine the RBF centre widths σi. These are vectors comprising random values

uniformly generated from a specific range [σmin,σmax].

The regression matrix is then calculated with each element given by

ϕi,j = exp

(
−1

2
‖ xi − cj ‖2Σ

)

= exp

−1

2

√√√√ p∑
l=1

(
xi,l − cj,l
σj,l

)2
 (4.18)

where p is the number of inputs, xi = [xi,1, · · · , xi,p]T is the ith input and cj =

[cj,1, · · · , cj,p]T is the jth centre vector with the width σj = [σj,1, · · · , σj,p]T .
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Due to the stochastic nature of the ELM, most of the randomly chosen centres and their

associated widths are not optimal, leading to these centres being insignificant in the

non-linear system model. Subset selection methods can then be useful in eliminating

unimportant ones. As a result, all the advanced two-stage selection methods discussed

in chapter 3 can be employed here to enhance the sparsity of the network produced by

an ELM.

As a simple and fast approach, an extreme learning machine is the preferred method

for non-linear system modelling and classification in practice. It can also possible be

extended to other non-linear model structures, such as non-linear autoregressive with

exogenous input (NARX) model where the polynomial terms and their associated powers

can be randomly chosen. This needs to be theoretically proved.

As with the other heuristic approaches, the models obtained by ELM will differ every

time due to the random nature of the algorithm and therefore the experimental results

cannot be re-produced. Thus, the training errors and testing errors given later in Chapter

6 and Chapter 7 are taken from the average value of several runs.

4.4 Summary

In order to improve a non-linear model’s compactness and generalization ability, heuristic

approaches are introduced to continuously optimize the non-linear parameters. However,

it is then computationally expensive to treat all the parameters simultaneously. Subset

selection approaches can be then employed, leading to a mixed strategy where non-

linear parameters are optimized continuously and the model structure is optimized by a

discrete selection algorithm.

In this chapter, particle swarm optimization (PSO), differential evolution (DE) and

the extreme learning machine (ELM) are integrated into the two-stage selection for

RBF network construction. The first two techniques involves iterative learning and

updating/selection, therefore more computation is usually required. By contrast, the

ELM constructs RBF network by randomly assigning centre vectors and widths, and

estimating the output layer weights using least-squares, producing an efficient algorithm

without any repeated learning or prior experience as will be shown in the next two

chapters.
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By using PSO or DE with two-stage selection, the second refinement stage is then no

longer as efficient as the original TSS method. The absence of a candidate pool leads to

more computation in evaluating the contributions of newly generated solutions. How-

ever, each randomly generated solution can be regarded as a candidate centre. Therefore,

the proposed methods here can be more effective if the total population size (or total

number of particles involved in PSO) is smaller than the number of training samples.

This is obvious on large data sets as the computation in conventional sub-set selec-

tion methods is proportional to the size of training data. Another advantage in using

PSO or DE based selection is that the computation does not increase much when using

leave-one-out cross validation as the stopping criterion.

The next two chapters will evaluate all variants of two-stage selection algorithms on

both simulation and real world data sets. Both non-linear modelling and classification

problems will be addressed.
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Chapter 5

Experimental results on

benchmarks

The previous two chapters described how model structure optimization could be effec-

tively integrated into the two-stage selection algorithm. The resulting new methods can

be applied to a wide range of non-linear models that have a linear-in-the-parameters

(LIP) structure. This chapter is now going to evaluate performances of the resulting

algorithms on both non-linear system modelling and classification problems. The subset

selection techniques to be compared are listed in Table 5.1.

With regard to non-linear systems modelling, the examples to be presented include

scalar functions, time series, as well as dynamical systems. The radial basis function

Table 5.1: List of subset selection algorithms to be evaluated

Abbreviations Full names

OLS Orthogonal least squares (use classical Gram-Schmidt);
FRA Fast recursive algorithm;
TSS Two-stage selection;
TSS+LR Locally regularised two-stage selection;
TSS+LOO Automatic two-stage selection using leave-one-out cross validation;
TSS+LR+LOO Advanced two-stage selection;
TSS+PSO Particle swarm optimization assisted two-stage selection [104];
TSS+PSO+LOO Particle swarm optimization assisted automatic two-stage selection;
TSS+DE Two-stage selection based on differential evolution;
TSS+DE+LOO Automatic two-stage selection based on differential evolution;
TSS+ELM Fast two-stage selection using extreme learning machine;
TSS+ELM+LOO Fast automatic two-stage selection with extreme learning machine;
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network is employed as the mathematical model for approximating all these non-linear

examples. The performance is mainly evaluated based on the test errors. However, the

model complexity (size of RBF network or number of hidden nodes), training errors,

and computational effort are all taken into account.

In classification, only two-class problems will be considered. The afore mentioned algo-

rithms are first evaluated on two well-known benchmarks: the two-spirals problem and

a chess board dataset. Experiments are then conducted on 11 artificial and real-world

datasets, such as Breast Cancer, Banana, Diabetes and Ringnorm [14, 105].

5.1 Application to non-linear system modelling

In this section, the algorithms proposed are utilized to construct RBF networks for

approximating seven simulation systems and compared to a number of alternative tech-

niques. The Gaussian kernel is the default basis function. In conventional approaches,

the centre widths are pre-determined, and centres are selected from the training data

samples; while in the heuristic approaches, both the centres and the widths are optimized

simultaneously.

5.1.1 Scalar function approximation

Example 1: Consider the scalar function, to be approximated by an RBF network

[66, 68, 106, 107], is given by

f(u) =
sin(u)

u
, −10 ≤ u ≤ 10 (5.1)

A total of 400 noise-free data samples were generated by simulating (5.1) with the input

u uniformly distributed within [−10, 10]. A Gaussian noise sequence of ξ ∈ N(0, 0.052)

was added to the first 200 data samples. Figure 5.1 shows the first 200 pairs of noisy

samples, along with the actual function. The Gaussian kernel takes the form

φ(u, ci) = exp(−1

2
‖ u− ci ‖2 /σ2) (5.2)

for those methods where the RBF width is assumed to be pre-determined. In this case,

σ = 1 [66]. The distance in (5.2) is a Euclidean norm. By contrast, heuristic approaches
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use the Mahalonobis norm given in (2.1) and (2.2) to calculate the distance between the

input and RBF centre vectors.
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Figure 5.1: Plot of training data in experiment 1 (dot: noisy samples, solid: true
function)

Further, Akaike’s information criterion (AIC) defined in (2.27) is adopted here to ter-

minate the selection procedures in orthogonal least squares (OLS), the fast recursive

algorithm (FRA), two-stage selection (TSS), and locally regularised two-stage selection

(TSS+LR). The tuning parameter ρ is set to 2 as usual.

In the heuristic approaches, each solution includes both the centre vector and the width

vector. The initial conditions for particle swarm optimization (PSO), differential evo-

lution (DE) and the extreme learning machine (ELM) are presented in Table 5.2. The

search space of each particle in PSO is defined as

xmin = [umin − 0.2|umin|, 0.1] (5.3)

xmin = [umax + 0.2|umax|, 8] (5.4)

where umin and umax are the minimum and maximum values of input signal. Obviously,

PSO has more parameters to be selected than DE, while ELM does not require any such

settings.

With the first 200 noisy data samples used for network training and the remaining 200

noise free ones reserved for validation, the performances of the algorithms are compared

in Table 5.3. Both the training and test errors are measured by the root mean-squared
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Table 5.2: Parameter settings for the heuristic approaches in experiment 1; (The
initial centre vectors are randomly selected from the training data. The increase of
swarm size normally affects the performance more than the increase of updating cycles
in PSO; while in differential evolution, these two control parameters have the similar

effects)

Method Parameter Value Description

PSO

xi [ci;σi] ith particle in the swarm
σi 2 Initial value of width of ith RBF centre
S 25 Swarm size
G 10 Maximum number of swarm updates
w0 0.8 Inertia weight in velocity updating
xmin [−15, 0.1]T Lower border of search space
xmax [15, 4]T Upper border of search space
vmin [−15,−2]T Minimum value of speed
vmax [15, 2]T Maximum value of speed

DE

xi [ci;σi] ith solution vector in the population
σi ∈ [0.1, 4] Width of ith RBF centre randomly gener-

ated from the specified range; if σi < 0 in
the mutation step, |σi| is used

S 10 Population size
G 25 Maximum number of generations
F 0.8 Weight of vector difference
Cr 0.6 Crossover constant

ELM σi ∈ [0.1, 4] Width of ith RBF centre randomly gener-
ated from the specific range;

error (RMSE) given by

RMSE =

√
SSE

N
=

√
(ŷ − y)T (ŷ − y)

N
(5.5)

As shown in Table 5.3, OLS produced an over-fitted RBF network with a smaller training

error and a larger test error. By contrast, FRA selected a smaller model with much less

computational effort. Two-stage selection further reduced the network size to 8 hidden

nodes while losing a little efficiency. Though the leave-one-out cross validation provides

a way to automatically stop the selection procedures, the sparsity of the resultant mod-

els was not improved as hoped. Heuristic approaches on the other hand required more

computational time, but the resultant models generalise worse than the conventional

methods in this experiment. Compared to PSO and DE, the extreme learning machine

(ELM) proved to be the more effective and efficient method for producing an RBF net-

work without any prior knowledge about the centre placement and RBF width. Another

advantage of the ELM is that no user control parameters are required, leading to a more

flexible technique for non-linear model construction.
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Table 5.3: Comparison of RBF network produced by the different algorithms in
experiment 1. For the heuristic approaches, the root mean squared errors are the

average value from 20 runs, along with the standard deviation.

Algorithm Network size Training error Test error Run-time

OLS 15 0.0451 0.0220 0.24s
FRA 11 0.0469 0.0196 0.02s
TSS 9 0.0469 0.0199 0.09s
TSS + LR 9 0.0468 0.0196 0.14s
TSS + LOO 8 0.0477 0.0205 0.53s
TSS + LR + LOO 8 0.0477 0.0206 0.69s
TSS+PSO 8 0.0462± 0.0015 0.0354± 0.0042 0.87s
TSS+PSO+LOO 9 0.0499± 0.0047 0.0408± 0.0079 1.34s
TSS+DE 8 0.0464± 0.0009 0.0349± 0.0039 1.42s
TSS+DE+LOO 10 0.0484± 0.0026 0.0386± 0.0048 3.52s
TSS+ELM 8 0.0486± 0.0021 0.0383± 0.0039 0.07s
TSS+ELM+LOO 9 0.0464± 0.0020 0.0342± 0.0036 0.18s

Example 2: Consider the following non-linear function taken from [108, 109]:

y(u) = 0.1u+
sin(u)

u
+ sin(0.5u), −10 ≤ u ≤ 10 (5.6)

where u is uniformly distributed within [−10, 10]. A total number of 1000 noise-free

data points were generated, with the first 500 data samples used for network training

and the remaining 500 reserved for validation. As before, a Gaussian white noise with

zero mean and variance 0.01 was added to the training data set. Figure 5.2 illustrates

the noisy training data and the true function.
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Figure 5.2: Plot of training data in experiment 2 (dot: noisy samples, solid: true
function)
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Table 5.4: Comparison of RBF networks produced by the different algorithms in
experiment 2. For the heuristic approaches, the root mean-squared error are the average

values of 20 runs along with the standard deviation.

Algorithm Network size Training error Test error Run-time

OLS 9 0.1024 0.0128 0.65s
FRA 11 0.1020 0.0135 0.02s
TSS 8 0.1022 0.0119 0.13s
TSS + LR 7 0.1023 0.0122 0.15s
TSS + LOO 8 0.1020 0.0111 5.63s
TSS + LR + LOO 6 0.1021 0.0110 2.91s
TSS+PSO 8 0.1054± 0.0017 0.0379± 0.0073 1.01s
TSS+PSO+LOO 11 0.1054± 0.0041 0.0374± 0.0107 3.83s
TSS+DE 8 0.1086± 0.0022 0.0463± 0.0079 1.79s
TSS+DE+LOO 11 0.1085± 0.0061 0.0448± 0.0147 6.44s
TSS+ELM 9 0.1049± 0.0020 0.0346± 0.0052 0.59s
TSS+ELM+LOO 11 0.1029± 0.0023 0.0313± 0.0072 3.44s

In conventional RBF network construction, the width of the Gaussian function was pre-

set at 3 [71]. AIC criterion was again adopted for those algorithms that cannot stop

automatically (OLS, FRA, TSS, TSS+LR, TSS+PSO, TSS+DE, TSS+ELM). The pre-

selected parameter settings for the heuristic approaches were as in experiment 1, except

that the RBF width range was changed [0.1, 8]. The search space and velocity space

of each particle in PSO were also altered according to (5.3), (5.4) and (2.62). With

subset selection algorithms applied to the training data, the resultant RBF networks are

compared in Table 5.4. Here, the best model was produced by locally regularised au-

tomatic two-stage selection. However, the computation was significantly increased from

FRA. A possible reason for this was that some centres were repeatedly eliminated and

re-selected at the second refinement stage. Similar issue also existed in other algorithms

where leave-one-out cross validation was applied. By contrast, the RBF network given

by locally regularised two-stage selection was smaller and also generalised well on fresh

data.

Unfortunately, the heuristic approaches did not produce improved models. However,

these methods do provide useful alternatives when the width of Gaussian function is

unknown. Of these, the extreme learning machine is again preferable due to its efficiency

and effectiveness.
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5.1.2 Time-series prediction

Example 3: Suppose the following non-linear time series is to be approximated by a

RBF network [57, 72]

y(t) = (0.8− 0.5e−y
2(t−1))y(t− 1)− (0.3 + 0.9e−y

2(t−1))y(t− 2) + 0.1 sin(πy(t− 1))

(5.7)

Using the initial conditions y(−1) = y(0) = 0.1, 500 noisy data samples and 500 noise-

free ones were generated. The noise was generated by a N(0, 0.12) Gaussian series.

Figure 5.3 shows a plot containing the 1000 data samples. The 500 noisy data samples

were again used for training, the noise free ones being reserved for validation. The width

of Gaussian function in (5.2) was pre-determined as σ2 = 0.81.
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Figure 5.3: Phase plot of non-linear time series in experiment 3 (dot: noisy samples,
circle: noise-free samples)

Further, the network input vector was chosen as [y(t−1), y(t−2)]T , while the output was

y(t). The user-chosen parameter settings for the heuristic approaches were as before.

After training, the performances of the resultant RBF network models were compared

in Table 5.5.

In this case, the heuristic approaches produced more compact models with slight increase

in the test errors. The leave-one-out cross validation did not terminate the selection

procedure properly as hoped. It consumed more computation, resulting in an over-fitted
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Table 5.5: Comparison of RBF networks produced by the different algorithms in
experiment 3. For the heuristic approaches, the root mean-squared error are the average
values of 20 runs along with the standard deviation. The test errors are from the one-

step ahead predictions.

Algorithm Network size Training error Test error Run-time

OLS 11 0.1200 0.0286 0.72s
FRA 11 0.1200 0.0286 0.03s
TSS 10 0.1197 0.0273 0.56s
TSS + LR 9 0.1207 0.0299 0.17s
TSS + LOO 10 0.1205 0.0287 2.91s
TSS + LR + LOO 11 0.1201 0.0292 5.55s
TSS+PSO 6 0.1233± 0.0019 0.0333± 0.0040 0.73s
TSS+PSO+LOO 15 0.1176± 0.0016 0.0318± 0.0019 6.11s
TSS+DE 6 0.1240± 0.0016 0.0349± 0.0046 1.21s
TSS+DE+LOO 16 0.1183± 0.0012 0.0315± 0.0030 11.56s
TSS+ELM 7 0.1209± 0.0023 0.0321± 0.0038 0.36s
TSS+ELM+LOO 13 0.1175± 0.0015 0.0326± 0.0022 3.78s

network model. Again, this might still be caused by the eliminating and re-selecting the

same RBF centre in the second model refinement stage. By contrast, the incorporation

of Bayesian regularisation helped to reduce such cycling as less run-time was required.

Among the heuristic approaches, the extreme learning machine produced a RBF network

with one more centre than PSO and DE, but the training and test errors were smaller.

In most cases, the first stage of TSS is sufficient for building a compact RBF network

model with the ELM.

Example 4: Now consider a chaotic time-series generated by the well-known Mackey-

Glass differential delay equation [110]

ẋ(t) =
ax(t− τ)

1 + xc(t− τ)
− bx(t) (5.8)

Here, the parameters were set as: a = 0.2, b = 0.1, c = 10, and τ = 17 [111, 112].

In order to obtain the time-series value at each integer point, the fourth-order Runge-

Kutta method was applied to find the numerical solution to (5.8). The time step used

was 0.1, while the initial condition was x(0) = 1.2. Consequently, 2000 data points were

generated from which 1000 input-output data pairs were extracted (t = [118, 1117]).

Figure 5.4 illustrates the first 500 points. For the RBF network, the input vector was

chosen as [x(t − 18), x(t − 12), x(t − 16), x(t)], and the model was build to predict the

output at x(t+ 6). The network training was based on the first 500 data samples, while

its validation was executed on the remaining 500 data points.
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Figure 5.4: Plot of Mackey-Glass chaotic time series in experiment 4

Table 5.6: Comparison of RBF networks produced by the different algorithms in
experiment 4. For the heuristic approaches, the root mean-squared error are the average
values of 20 runs along with the standard deviation. The test errors are from the one-

step ahead predictions.

Algorithm Network size Training error Test error Run-time

OLS 20 0.0303 0.0293 1.44s
FRA 21 0.0141 0.00137 0.04s
TSS 21 0.0079 0.0078 0.87s
TSS + LR 10 0.0294 0.0286 0.17s
TSS + LOO 11 0.0271 0.0263 5.35s
TSS + LR + LOO 8 0.0327 0.0318 18s
TSS+PSO 8 0.0102± 0.0014 0.0102± 0.0014 1.07s
TSS+PSO+LOO 8 0.0171± 0.0044 0.0170± 0.0044 1.71s
TSS+DE 8 0.0119± 0.0020 0.0118± 0.0019 1.52s
TSS+DE+LOO 8 0.0162± 0.0052 0.0160± 0.0051 4.13s
TSS+ELM 8 0.0147± 0.0025 0.0145± 0.0024 0.33s
TSS+ELM+LOO 8 0.0157± 0.0029 0.0154± 0.0029 1.61s

The ACI criterion was still used to stop the selection procedure where leave-one-out

cross validation was not applied (OLS, FRA, TSS, TSS+LR, TSS+PSO, TSS+DE,

TSS+ELM). The use-chosen parameter settings for the heuristic approaches were un-

changed and followed the previous experiment. The performances of the resultant RBF

networks from the different subset selection techniques are compared in Table 5.6.

It is clear that all the heuristic approaches produced more compact networks than the

conventional methods with only 8 RBF centres. The assistance of Bayesian regularisa-

tion and leave-one-out cross validation helped to reduce the network size significantly.

Further, particle swarm optimization outperformed differential evolution in terms of both
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model accuracy and computational effort. The cycling of eliminating and re-selection of

the same centre still happened in the second network refinement stage, especially with

TSS+LR+LOO where 18 seconds were consumed before the stop criterion was met.

Example 5: Another non-linear time-series was generated from the second-order dif-

ferential equation known as the Van der Pol equation [66] :

d2y

dt2
+ (y2 − 1)

dy

dt
+ y = 0 (5.9)

This is also a standard example for demonstrating the solution of differential equations

in Matlab. The initial conditions were set as: y(0) = 2 and dy(0)/dt = 0. By simulating

(5.9), a total number of 400 data points were generated. A N(0, 0.12) Gaussian while

noise sequence was again added to the first 200 data samples used for training. Model

validation was performed on the remaining 200 noise-free data samples. Figure 5.5 shows

the first 40 data points of both noisy measurements and noise-free observations.
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Figure 5.5: Plot of non-linear time series from Van der Pol equation (40 points are
included; The solid line shows noise-free data samples while the dots are noisy data

samples)

The input vector for the RBF network was pre-determined as [y(t−1), y(t−2), · · · , y(t−
6), y(t− 7)]. In conventional selection methods, the width of the Gaussian function was

found by exhaustive search and the optimal value as σ = 0.81. AIC was still used as

the stop criterion to terminate the selection procedures in OLS, FRA, TSS, TSS+LR,

TSS+PSO, TSS+DE and TSS+ELM methods. Further, the predefined algorithm pa-

rameters for the heuristic approaches were the same as previous experiments. The same
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Table 5.7: Comparison of RBF network produced by different algorithms in exper-
iment 5. For heuristic approaches, mean test error and standard deviation from 20
executions are presented. Performances were evaluated on the root mean-squared error

(RMSE) and test errors were collected from one-step ahead predictions.

Algorithm Network size Training error Test error Run-time

OLS 42 0.0867 0.0709 1.12s
FRA 42 0.0867 0.0709 0.02s
TSS 34 0.0852 0.0731 1.17s
TSS + LR 30 0.0922 0.0708 0.3s
TSS + LOO 23 0.0994 0.0756 1.21s
TSS + LR + LOO 28 0.0937 0.0698 3.38s
TSS+PSO 6 0.1074± 0.0025 0.0297± 0.0053 0.69s
TSS+PSO+LOO 14 0.0989± 0.0034 0.0365± 0.0038 3.4s
TSS+DE 7 0.1071± 0.0039 0.0339± 0.0057 1.08s
TSS+DE+LOO 13 0.0994± 0.0038 0.0386± 0.0071 6.65s
TSS+ELM 10 0.1023± 0.0024 0.0473± 0.0053 0.09s
TSS+ELM+LOO 14 0.0966± 0.0041 0.0470± 0.0059 0.32s

12 algorithms were then applied to the training data set, and the performances of the

resultant RBF networks are compared in Table 5.7.

Obviously, all the conventional methods produced an over-fitted RBF network as the

root mean-squared error from training was smaller than the standard derivation of the

noise. By contrast, the models from the heuristic approaches were more compact and

generalised better on fresh data sets. The assistance of Bayesian regularisation reduced

the run time from 1.17s in TSS to 0.3s in TSS+LR. This again proved that the cycling

issue in the second model refinement stage can be prevented by incorporating regular-

isation into the selection process. The LOO criterion can automatically terminate the

selection procedure, but the cycling issue usually became worse, resulting in more com-

putational effort. Therefore, it is reasonable to use leave-one-out cross validation where

forward selection methods are applied.

5.1.3 Dynamic system representation

Example 6: A RBF network is now employed to approximate a non-linear dynamic

system defined by [9, 113]

y(t) =
y(t− 1)y(t− 2)y(t− 3)u(t− 2)[y(t− 3)− 1] + u(t− 1)

1 + y2(t− 2) + y2(t− 3)
(5.10)
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where u(t) is the random system input which is uniformly distributed in the range [−1, 1].

A total of 400 data samples were generated, and a Gaussian white noise sequence with

zero mean and variance 0.12 was added to the first 200 ones. Figure 5.6 illustrates

the first 100 pairs of noisy data samples. For the conventional methods, the width of

the Gaussian function was fixed at σ = 3 for all centres. The input vector was pre-

determined as x(t) = [y(t− 1), y(t− 2), y(t− 3), u(t− 1), u(t− 2)]T .
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Figure 5.6: Plot of non-linear dynamic system (The first 100 points are included;
Solid: Noise-free output, Dot: Noisy measurements)

The AIC criterion was still used to stop the selection procedures where leave-one-out

cross validation was not applied (e.g. OLS, FRA, TSS, TSS+LR, TSS+PSO, TSS+DE

and TSS+ELM). The user-chosen parameter settings for the heuristic approaches were

unchanged from the previous experiments. With the first 200 data samples used for

network training and the remaining 200 noise-free data reserved for validation, the con-

structed networks from all 12 different algorithms are compared in Table 5.8.

As shown in Table 5.8, the heuristic approaches outperformed the conventional methods

in terms of both model sparsity and generalisation capability. OLS, FRA and the original

two-stage selection all produced over-fitted RBF networks. The assistance of Bayesian

regularisation and leave-one-out cross validation improved the network sparsity while

both the training and test errors increased slightly. The extreme learning machine was

still the most efficient and effective way to produce a compact non-linear model in this

case.
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Table 5.8: Comparison of RBF network produced by different algorithms in exper-
iment 6. For heuristic approaches, mean test error and standard deviation from 20
executions are presented. Performances were evaluated on the root mean-squared error

(RMSE) and test errors were collected from one-step ahead predictions.

Algorithm Network size Training error Test error Run-time

OLS 14 0.0874 0.0406 0.21s
FRA 14 0.0874 0.0406 0.01s
TSS 10 0.0885 0.0402 0.09s
TSS + LR 8 0.0926 0.0443 0.12s
TSS + LOO 9 0.0907 0.0427 0.37s
TSS + LR + LOO 6 0.1003 0.0607 0.49s
TSS+PSO 3 0.0904± 0.0019 0.0380± 0.0076 0.54s
TSS+PSO+LOO 5 0.0921± 0.0033 0.0436± 0.0122 0.73s
TSS+DE 3 0.0943± 0.0049 0.0401± 0.0095 0.34s
TSS+DE+LOO 6 0.0910± 0.0023 0.0375± 0.0083 2.12s
TSS+ELM 6 0.0995± 0.0033 0.0680± 0.0073 0.04s
TSS+ELM+LOO 7 0.0972± 0.0050 0.0609± 0.0105 0.13s

Example 7: Finally, consider the following non-linear dynamic system from the liter-

ature [114] to be modelled by a RBF network:

y(t) = 0.05939− 0.6377y(t− 1) + 0.07298y(t− 2) + 0.03597u(t− 1) + 0.06622u(t− 2)

+ 0.06568u(t− 1)y(t− 1) + 0.02375u2(t− 1) (5.11)

where u(t) and y(t) denote the system input and output at sample time t. The stable

state of this system is y(t) = 0.03796 for u = 0. A total of 1000 noise-free data samples

were generated by simulating (5.11) with the input u(t) uniformly distributed within

[-1,1]. A zero-mean Gaussian noise sequence with variance σ = 0.01 was added to the

first 500 data points for network training, while the remaining noise free data were again

used for validation. Figure 5.7 also shows the first 100 noise samples along with the true

observations.

The network input vector was chosen as [y(t− 1), y(t− 2), u(t− 1), u(t− 2)]T , and the

Gaussian RBF network was used to model this system with the width pre-set to 2.

For methods that require a criterion to stop the selection procedure, Akaike’s informa-

tion criterion was again applied. The user-chosen parameter settings for the heuristic

approaches were the same as in previous experiments. With the same 12 algorithms

applied to the training data, the RBF networks obtained are compared in Table 5.9.

In this experiment, all algorithms produced RBF networks without any over-fitting.
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Figure 5.7: Plot of non-linear dynamic system in experiment 7 (The first 100 points
are included; Solid: Noise-free output, Dot: Noisy measurements)

Table 5.9: Comparison of RBF network produced by different algorithms in exper-
iment 6. For heuristic approaches, mean test error and standard deviation from 20
executions are presented. Performances were evaluated on the root mean-squared error

(RMSE) and test errors were collected from one-step ahead predictions.

Algorithm Network size Training error Test error Run-time

OLS 20 0.0117 0.0032 1.4s
FRA 13 0.0119 0.0030 0.03s
TSS 9 0.0119 0.0029 0.85s
TSS + LR 7 0.0122 0.0038 0.04s
TSS + LOO 16 0.0118 0.0030 3.42s
TSS + LR + LOO 11 0.0119 0.0031 28.68s
TSS+PSO 5 0.0126± 0.0005 0.0048± 0.0012 0.63s
TSS+PSO+LOO 16 0.0113± 0.0027 0.0042± 0.0012 6.17s
TSS+DE 5 0.0126± 0.0006 0.0047± 0.0011 0.85s
TSS+DE+LOO 14 0.0117± 0.0001 0.0036± 0.0003 9.3s
TSS+ELM 11 0.0135± 0.0006 0.0069± 0.0009 0.52s
TSS+ELM+LOO 31 0.0114± 0.0005 0.0060± 0.0006 11.12s

The largest network model with 20 hidden centres was from the OLS method while

the smallest one, with only 5 RBF centres, was produced by PSO and DE based two-

stage selection. The cycle of eliminating and re-selecting the same centre in the second

refinement stage became severe in TSS+LR+LOO, where 28.68 seconds were spent in

selecting 11 centres. The same issue still existed where leave-one-out cross validation

was applied. By contrast, Bayesian regularisation again helped to prevent such cycling

issue as shown by the reduction in run time required by TSS+LR.
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5.2 Application to classification problems

Fisher discriminant analysis is widely used to find a linear combination of features which

characterize or separate two or more classes of objects or events. As a non-linear rela-

tionship usually exists in practical applications, a generalised Fisher discriminant based

on kernel approach has been proposed. The main issue of kernel Fisher discriminant

analysis is non-compactness and poor generalisation capability.

In Chapter 2, it has been shown that kernel Fisher discriminant can be converted to a

least-squares problem which has a linear-in-the-parameters structure. Subset selection

methods can then be applied to choose only significant features. In this section, the

12 algorithms used above were evaluated on a wide range of non-linear classification

problems, including the well-known two-spirals problem, chessboard datasets, and 11

artificial and real world data sets.

5.2.1 Two-spiral problem

The two spirals (or double spirals) problem is a well-known benchmark for comparing

the quality of different learning algorithms [115, 116]. Figure 5.8 shows the 194 data

points available for training.
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Figure 5.8: Two spirals problem with 194 training samples

As these two classes have a strong non-linearity, the generalised Fisher discriminant

analysis discussed in §2.2 was employed to build the classifier. The kernel chosen was
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Gaussian function with the width pre-set to 0.8. In this case, the AIC criterion and leave-

one-out cross validation stopped the selection procedure too early, leading to under-fitted

classifiers. Therefore, the feature size was pre-determined here with an increment of 10

nodes.

The conventional methods were first applied to the 194 samples. As the number of

features continuously increased, a classifier with more than 50 or 60 nodes was shown

to be sufficient to produce an acceptable solution. Figure 5.9 illustrates two solutions

from locally regularised two-stage selection. The training error and run-time of each

algorithm are compared in Table 5.10.
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(b) 80 nodes

Figure 5.9: Solutions to two spirals problem by TSS+LR

For the heuristic approaches, the user selected parameters were set as in Table 5.2. The

classifiers obtained were shown to perform perfectly on training data. However, their

generalisations were poor compared to conventional methods. Figure 5.10 shows the

results from particle swarm optimization based two-stage selection and the differential

evolution based alternative. Their associated training errors and run-times are shown

in Table 5.10. In this experiment, the classifier from an extreme learning machine also

fitted the training data well, but generalised the worst on the whole space. Its result is

therefore not presented.

5.2.2 The chessboard dataset

The chessboard dataset contains 1, 000 samples from two categories which forms a pat-

tern similar to a chess board [117]. Figure 5.11 shows a plot of the original data set.
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(b) 50 nodes from DE

Figure 5.10: Solutions produced by heuristic approaches

Table 5.10: Comparison of training errors with 50 nodes selected in two-spirals prob-
lem. errors are measured by the rates of unsuccessfully categorised samples.

Algorithm Training error Run-time

OLS 6.70% 1.35 s
FRA 6.70% 0.02s
TSS 3.09% 0.73s
TSS + LR 1.55% 0.51s
TSS+PSO 0.00% 48.4s
TSS+DE 0.00% 126.56s
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Figure 5.11: The chess board dataset which contains 1,000 data points of two classes
and forms a pattern similar to the chess board
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Table 5.11: Comparison of classifiers in chessboard problem. errors are measured by
the rates of unsuccessfully categorised samples.

Algorithm # of nodes Training error Run-time

OLS 142 1.9% 114.14 s
FRA 154 1.5% 1.67 s
TSS 120 1.9% 116.76s
TSS + LR 80 2.9% 9.03s
TSS + LOO 59 4.0% 196.52s
TSS + LR + LOO 37 3.9% 2121.30s
TSS+PSO 30 4.0% 14.72s
TSS+PSO+LOO 146 1.8% 720.78s
TSS+DE 40 4.6% 36.09s
TSS+ELM 40 3.8% 19.35s
TSS+ELM+LOO 41 5.2% 95.76s

In non-linear Fisher discriminant analysis, a Gaussian kernel was employed for the con-

ventional selection methods with a width of σ = 0.22. In this experiment, the AIC

criterion and leave-one-out cross validation successfully terminated the selection proce-

dure with a proper feature size. The user chosen parameters in the heuristic approaches

were again set as in the two-spirals problem. With the 12 algorithms applied to the

whole 1000 samples, the required feature sizes, training errors, and run-times of each

algorithm are compared in Table 5.11, while Figure 5.12 illustrates four typical results.

Generally, the heuristic approaches produced more compact classifiers than the conven-

tional methods. Note that the results here were from one one implementation, rather

than the mean-error from 20 executions as in non-linear system modelling. Table 5.12

shows the effect of increasing the resultant feature size. The increased number of nodes

helped to reduce the training error, but the cost of computation became higher. In

practice, a simple classifier with acceptable accuracy is preferred. Figure 5.13 illustrates

the classification performances with increasing number of nodes selected by the PSO

based method. This shows that 30 nodes might be enough for a satisfactory classifier.

5.2.3 11 benchmarks

The algorithms were now evaluated on some well-known benchmark datasets. These are

available at http://theoval.cmp.uea.ac.uk/~gcc/matlab/. Each dataset contains

100 batches of randomly selected training and test data. The mean test classification

errors and standard deviations of the different algorithms were compared. The fast
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(c) 37 nodes from TSS+LR+LOO
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(d) 20 nodes from TSS+PSO

Figure 5.12: Typical solutions for chess board problem

Table 5.12: Effects of increasing the number of nodes in heuristic approaches. errors
are measured by the rates of unsuccessfully categorised samples.

Algorithm # of nodes Training error Run-time

PSO

15 7.9% 4.98 s
20 6.6% 7.17 s
30 4.0% 14.72s
40 2.5% 29.85s
50 2.6% 46.85s
60 1.6% 74.86s

DE

20 8.6% 12.55s
30 5.6% 21.06s
40 4.6% 36.09s
50 3.4% 62.58s
60 1.7% 93.47s

ELM

20 7.1% 4.30s
30 4.6% 17.34s
40 3.8% 19.35s
50 2.8% 28.20s
60 2.8% 29.36s
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(a) 15 nodes
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(b) 30 nodes
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(c) 60 nodes

Figure 5.13: Chess board solutions from particle swarm optimization based two-stage
selection

recursive algorithm (FRA) usually produces the same classifier as from orthogonal least

squares (OLS), thus its results are not presented. However, as an efficient method, FRA

was used to search for the optimal Gaussian kernel width. The trial experiment was

executed on the first 20 batches of each dataset.

The user chosen parameter settings for the heuristic approaches followed from previous

examples. The leave-one-out cross validation was not used with these approaches as the

training time usually becomes very high with 100 data sets. The computational times

were not recorded as the experiments were implemented on different computers.

With the same algorithms applied to each problem, Table 5.13 and table 5.14 compare

the performances of the resultant classifiers in terms of size and test errors. The results

from the heuristic approaches were again based on one execution on each data set.

Clearly, the classifiers obtained here are more compact than the alternatives in the
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Table 5.13: Comparison of classification performances. Errors are measured by the
rates of unsuccessfully categorised samples. As the 100 data sets are included for each
case, the mean test error and standard deviation are included. - TO BE CONTINUED

(a) Banana data sets. Each set has 400 samples
for training and 4900 samples for validation. Gaus-
sian width σ is pre-set as 1

Algorithm Size Test error

OLS 29 10.7± 0.5
TSS 25 10.6± 0.5
TSS+LR 15 10.9± 0.6
TSS+LOO 14 11.3± 1.6
TSS+LR+LOO 16 11.2± 1.0
TSS+PSO 15 11.1± 0.6
TSS+DE 20 11.2± 0.5
TSS+ELM 20 11.2± 0.6

(b) Breast Cancer data sets. Each set has 200
samples for training and 77 samples for validation.
Gaussian width σ is pre-set as 1.9

Algorithm Size Test error

OLS 7 25.5± 4.1
TSS 6 25.9± 4.4
TSS+LR 6 25.0± 4.0
TSS+LOO 12 26.6± 4.0
TSS+LR+LOO 10 26.2± 4.2
TSS+PSO 2 26.2± 4.7
TSS+DE 2 25.6± 4.2
TSS+ELM 2 26.2± 4.3

(c) Diabetes data sets. Each set has 468 sam-
ples for training and 300 samples for validation.
Gaussian width σ is pre-set as 14

Algorithm Size Test error

OLS 9 23.1± 1.8
TSS 3 23.5± 1.8
TSS+LR 4 23.5± 1.6
TSS+LOO 6 23.5± 1.8
TSS+LR+LOO 5 23.6± 1.7
TSS+PSO 3 23.6± 1.6
TSS+DE 3 23.7± 1.9
TSS+ELM 5 24.1± 1.8

(d) German data sets. Each set has 700 samples
for training and 300 samples for validation. Gaus-
sian width σ is pre-set as 11

Algorithm Size Test error

OLS 8 24.0± 2.2
TSS 8 23.9± 2.2
TSS+LR 7 24.3± 2.4
TSS+LOO 8 24.3± 2.2
TSS+LR+LOO 5 26.5± 3.7
TSS+PSO 5 24.9± 2.2
TSS+DE 5 24.5± 2.1
TSS+ELM 6 24.7± 2.1

(e) Heart data sets. Each set has 170 samples for
training and 100 samples for validation. Gaussian
width σ is pre-set as 4.9

Algorithm Size Test error

OLS 3 15.9± 3.4
TSS 3 16.5± 3.5
TSS+LR 3 15.7± 3.4
TSS+LOO 7 16.8± 3.0
TSS+LR+LOO 6 16.8± 3.1
TSS+PSO 2 18.9± 4.0
TSS+DE 2 18.7± 4.3
TSS+ELM 4 17.8± 4.0

(f) Ringnorm data sets. Each set has 400 sam-
ples for training and 7000 samples for validation.
Gaussian width σ is pre-set as 2.8

Algorithm Size Test error

OLS 5 1.6± 0.1
TSS 5 1.6± 0.1
TSS+LR 6 1.6± 0.1
TSS+LOO 7 1.6± 0.1
TSS+LR+LOO 12 1.6± 0.1
TSS+PSO 6 1.8± 0.2
TSS+DE 10 2.9± 0.5
TSS+ELM 15 3.1± 0.5
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Table 5.14: Comparison of classification performances. Errors are measured by the
rates of unsuccessfully categorised samples. As the 100 data sets are included for each

case, the mean test error and standard deviation are included.

(a) Flare sonar data sets. Each set has 666 sam-
ples for training and 400 samples for validation.
Gaussian width σ is pre-set as 4

Algorithm Size Test error

OLS 7 33.3± 1.8
TSS 7 33.5± 1.8
TSS+LR 5 33.5± 1.8
TSS+LOO 5 35.6± 4.4
TSS+LR+LOO 3 37.8± 5.6
TSS+PSO 2 33.6± 1.9
TSS+DE 2 33.4± 1.9
TSS+ELM 3 33.9± 1.8

(b) Thyroid data sets. Each set has 140 samples
for training and 75 samples for validation. Gaus-
sian width σ is pre-set as 2

Algorithm Size Test error

OLS 20 4.1± 2.0
TSS 15 4.0± 2.1
TSS+LR 9 5.6± 3.2
TSS+LOO 11 4.4± 2.2
TSS+LR+LOO 8 5.8± 2.6
TSS+PSO 5 5.2± 2.4
TSS+DE 5 5.0± 2.3
TSS+ELM 6 5.0± 2.3

(c) Titanic data sets. Each set has 150 samples
for training and 2051 samples for validation. Gaus-
sian width σ is pre-set as 2.5

Algorithm Size Test error

OLS 10 22.4± 1.2
TSS 6 22.7± 0.8
TSS+LR 4 22.8± 1.2
TSS+LOO 5 23.1± 1.1
TSS+LR+LOO 3 23.2± 1.6
TSS+PSO 4 22.6± 1.1
TSS+DE 3 22.6± 1.0
TSS+ELM 3 22.8± 1.0

(d) Twonorm data sets. Each set has 400 sam-
ples for training and 7000 samples for validation.
Gaussian width σ is pre-set as 2.8

Algorithm Size Test error

OLS 7 2.7± 0.2
TSS 7 2.8± 0.2
TSS+LR 7 2.8± 0.2
TSS+LOO 14 2.8± 0.2
TSS+LR+LOO 40 2.7± 0.2
TSS+PSO 4 3.4± 0.3
TSS+DE 6 3.5± 0.4
TSS+ELM 8 3.5± 0.4

(e) waveform data sets. Each set has 400 sam-
ples for training and 4600 samples for validation.
Gaussian width σ is pre-set as 2.8

Algorithm Size Test error

OLS 10 10.3± 0.4
TSS 8 10.4± 0.5
TSS+LR 9 10.6± 1.0
TSS+LOO 16 10.3± 0.5
TSS+LR+LOO 29 10.2± 0.5
TSS+PSO 6 11.7± 0.7
TSS+DE 6 11.8± 0.8
TSS+ELM 6 11.7± 0.7
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literature [14, 105]. Generally, the heuristic methods can significantly reduce the feature

size while the test error may increase slightly. Two-stage selection (TSS) or locally

regularised TSS usually produced better results than OLS with either a smaller test

error or less nodes. Unfortunately, leave-one-out cross validation proved unstable in

terminating the selection procedure. A proper strategy for this issue is still required.

5.3 Concluding summary

The main purpose in data-driven modelling is to produce a mathematical description,

as simple as possible, to an acceptable accuracy. For those non-linear models that have

a linear-in-the-parameters structure, this can be achieved by using a subset selection

algorithm to choose only the significant terms in representing the true process. The

conventional orthogonal least squares (OLS) is the most popular choice of forward se-

lection while the recent proposed fast recursive algorithm (FRA) provides more efficient

and stable alternative. Though forward selection is fast in analysing the importance of

each model terms the selection procedure is unfortunately a constrained optimization

process. Therefore, a two-stage selection method were proposed based on the FRA.

To further improve the model sparsity and generalisation, Bayesian regularisation and

leave-one-out cross validation were integrated with the two-stage selection in this thesis.

The non-linear parameters, such as the width of RBF centre, were also tackled by

incorporating the heuristic approaches.

In this Chapter, the proposed algorithms in Chapter 3 and Chapter 4 were evaluated on

some popular benchmark problems, including non-linear system modelling and classifica-

tion. For the former case, the examples consisted of non-linear scalar functions, chaotic

time series, and non-linear dynamic systems. Radial basis function (RBF) networks were

employed to approximate the true system. Experimental results shows that two-stage

selection usually selects more compact models than OLS or FRA. The incorporation

of Bayesian regularisation in two-stage selection can not only penalise irrelevant terms

but also prevent the cycling of elimination and re-selection the same term in the second

refinement stage.

By contrast, leave-one-out cross validation causes the cycling problem to be severe ac-

cording to the run-time in each experiment. Another issue in using LOO criterion is
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the determination of the stop point. Generally, the selection procedure can be properly

stopped at the point where the LOO error starts to increase. However, there exist some

exceptions where the LOO error can be further reduced after the stop point with addi-

tional model terms. Similarly, the reduction in LOO error may becomes very small with

newly added terms, leading to over-fitted model. A proper strategy of evaluating the

variation of LOO error is therefore required.

Heuristic approaches, including particle swarm optimization (PSO), differential evolu-

tion (DE) and extreme learning machine (ELM), can usually produce a sparse model

with acceptable accuracy. According to the experimental results here, PSO performs

slightly better than DE with less computation, but more user defined parameters are

involved in the swarm updating. Further, the increase in swarm size affects the result

more than the increase of updating cycles in PSO, while in DE these two parameters

have the similar effects. The fastest method is still the extreme learning machine which

does not have any control parameters. The model from ELM is as compact as from PSO

and DE, but the efficiency is retained from conventional subset selection methods.

In classification problems, the popular two-spirals and chessboard data sets were exam-

ined. It was shown that Bayesian regularisation can not only reduce number of features

required, but also reduce the computation time involved. Heuristic approaches still pro-

duced the most compact classifiers. In the 11 artificial and real world datasets, the

superiority of proposed algorithms was again confirmed. Most of the problems discussed

above still occur in classification.

The next chapter will continue to evaluate these approaches on practical applications,

including fault detection for an automotive engine and process modelling of polymer

extrusion.
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Practical application results

In the previous chapter, the proposed algorithms were evaluated on some benchmarks,

including both non-linear system modelling and classification. The results showed that

Bayesian regularisation is useful in preventing over-fitting and reducing the computation

time involved at the model refinement stage. Also, while leave-one-out cross validation

provides an automatic strategy for terminating the selection procedures, the variations

in LOO error reduction still need to be addressed. The models from the heuristic

approaches are usually more compact due to the optimality of the non-linear parameters.

However, additional computation is required for the iterative learning involved. The

most efficient method proved to be the extreme learning machine based alternative

which does not involve any learning procedure and user controlled parameters.

In this chapter, these methods will be further evaluated on two practical applications:

air leak fault detection in an automotive engine intake system and modelling of motor

power consumption in polymer extrusion. In the former case, an accurate non-linear

model for the mass air flow will be produced, and the fault detection then follows from

an analysis of the prediction error. In the second application, a simple static non-linear

model will be constructed based on the data collected. Further analysis can then be

performed to investigate the effects of operational conditions on energy consumption,

and the overall extrusion process then optimized to reduce unnecessary energy waste.

A RBF network with a Gaussian function will again be employed as it has an linear-

in-the-parameters structure. All the subset selection methods mentioned in previous

chapters will be adopted to produce suitable compact non-linear models of the required
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accuracy. Experimental results will again confirm the advantages of the proposed tech-

niques over conventional alternatives.

6.1 Fault detection for an automotive engine

Air pollution presents a big challenge worldwide, especially in urban areas, and trans-

port emission is one of the biggest contributors. The European Union has adopted strict

legislation on the emissions from new cars. The first standard (Euro I) was introduced in

1992, and the latest one, Euro V, has already been applied since January 2010. Further-

more, on-board diagnostic (OBD) legislation has also been introduced to monitor the

engine emissions during its service life. OBD is designed to monitor the performance of

some major components in the car, including those responsible for controlling emissions

[118]. As a result, automotive manufacturers have no option but to improve the engine

efficiency with a more advanced engine management system.

Several methods have been used in OBD systems, such as limit checking of critical

sensor value (knowledge based), frequency analysis (signal based), parity equations and

parameter estimation (model based). With the increasing complexity of modern engines,

the model-based methods are necessarily playing a greater role. In [119], a structured

parity equation methodology was utilized to detect and diagnose the fault in a fuel

injector and exhaust gas recirculation valve. Statistical models, like principle component

analysis (PCA, and non-linear PCA) have also been used for engine fault detection [120].

More complicated alternatives, such as neural networks [1, 121] and artificial intelligence

(AI) [122], have also been applied. Rather than using a single method to model different

variables, several fault models within one common diagnosis system were also researched

in [123]. All these techniques involve a mathematical description of the process, and

residuals of the model parameters or state variables can then be generated for on-line

fault detection and diagnosis. A typical structure for a model-based method is shown

in Figure 6.1. In practice, there is insufficient capacity in the engine control unit (ECU)

to implement an overly complicated model. A simple one with acceptable accuracy is

therefore essential.

Previously, a non-linear finite impulse response (NFIR) model has been employed for

modelling the dynamics of mass air flow of an engine intake subsystem [124]. Sparsity was
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Figure 6.1: General structure of model-based fault detection and diagnosis [1]

guaranteed by adopting the locally regularised fast recursive algorithm. Experimental

results confirmed the effectiveness of the NFIR model produced for fault detection. In

this chapter, a radial basis function (RBF) network will be utilized to approximate the

mass air flow and to detect an air leak fault. All the algorithms mentioned in previous

chapters will be evaluated for constructing the appropriate RBF network.

6.1.1 Automotive engine test

The experimental data was collected from a 1.8 litre Nissan petrol engine installed in

the engine testcell facility at Queen’s University Belfast. This engine was connected

to a Ricardo TaskMaster 500/2000 data acquisition system and coupled to a Schenk

dynamometer to produce the required load. Current work is focussed on the intake

subsystem with the exhaust gas recirculation (EGR) function disabled to simplify the

modelling problem. The sensors installed on this engine are all standard (see Figure

6.2). As the engine runs, more than 30 variables were recorded, including the Engine

Speed (rpm), Throttle Position (%), Mass Air Flow (g/sec), Intake Manifold Pressure

(Bar) and Intake Air Temperature (oC).

The fault to be examined was an air leak in the engine manifold which is representative of

a leakage past a gasket fitting between the throttle plate and the intake valve. The fault

was introduced by drilling a hole into a bolt which was subsequently screwed into the

inlet manifold (see Fig. 6.2). A solid bolt was used to produce the fault free condition,

with 2mm, 4mm and 6mm diameter holes producing the fault conditions.
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Figure 6.2: Sensors installed on the engine intake system

In order to assess the emission levels of car engines, the New European Driving Cycle

(NEDC) has been adopted. This consists of four repeated ECE-15 driving cycles and

an Extra-Urban driving cycle to simulate city and highway driving conditions [125].

Though the NEDC is dynamic, it does not exercise the complete range of engine speeds

and throttle positions for this engine, failing to produce the necessary test data required

for non-linear dynamical modelling. The Kimmich identification cycle (KI cycle) [1]

by contrast covers a wider range of operating regions, but it is too slow. Therefore, a

modified identification (MI) cycle , which combines the advantages of both the NEDC

and KI cycles, was designed to properly excite the full non-linear dynamics features of

the engine [2]. Figure 6.3 shows the resulting variations in the recorded engine variables

induced by one MI driving cycle. The solid line is for the fault free condition, the dotted

line is for a 2mm fault condition.

6.1.2 Engine Intake Subsystem Modelling

Adopting the modified identification driving cycle, the engine was tested under both

fault-free and the different fault conditions. Each test lasted about 25 minutes which

includes about three complete driving cycles. With a sampling rate of 10 Hz, about

14500 data samples were collected each time. As the modelling mainly concerns the

dynamic changes of relevant signals, the collected data was down-sampled to 1 Hz for

model training and validation. The values of each variable were also normalized to lie
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Figure 6.3: Dynamic features of variables under modified identification (MI) cy-
cle(solid line: fault free data, dotted line: 2mm fault data) [2]

in the range ±1 (For practical usage, the model should be built on the original data set

as the automotive engine is a fast process and the resultant model should be built to

detect the fault as quickly as possible).

Similar to [124], the intake manifold was modelled as a multi-input and single-output

(MISO) non-linear system. The output was chosen as the mass air flow which was the

most sensitive to the air leak fault (see Figure 6.3). Engine speed and throttle position

were again treated as the two inputs u1 and u2. The radial basis function (RBF) network

was employed to approximate the non-linear dynamics of mass air flow with input vector

pre-defined as [u1(t− 1), u1(t− 2), u2(t− 1), u2(t− 2)].

The Gaussian function was chosen as the kernel function. For conventional model selec-

tion method, the width was found by exhaustive search and pre-determined as σ2 = 6.

AIC criterion, given in (2.27), was again adopted to terminate the selection procedures

in cases where leave-one-out cross validation was not applied. The user chosen param-

eter settings for heuristic approaches again followed Table 5.2 except that the search

space for the Gaussian width parameter was changed to the range [0.1, 4].

With the first two-thirds of the data used for training and the rest for validation, the

performances of the RBF network models from the different algorithms were compared

in Table 6.1. Both FRA and OLS selected 23 centres while the FRA involved much
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less computation. The two-stage selection method reduced the network size to 18 along

with smaller training and test errors. By incorporating Bayesian regularisation, both

the model size and run-times were reduced. By contrast, the use of leave-one-out cross

validation caused the selection procedure to terminate earlier, leading to under-fitted

model. In this experiment, the best model arose from particle swarm optimization as-

sisted two-stage selection. This produced the most compact RBF network along with

smaller training and test errors. The computation time in this TSS+PSO method was

also less than conventional OLS or TSS alternatives. Though the differential evolu-

tion based technique produced a similarly accurate model, the network size was slightly

increased. Additionally, the combination of extreme learning machine with two-stage se-

lection algorithm built a satisfactory RBF network without requiring any user-controlled

parameters.

As the best model was from TSS+PSO, its prediction performance on unseen data is

illustrated in Figure 6.4, where one complete MI driving cycle of fault-free data was

tested. The bottom plot in Figure 6.4 shows the prediction error.

Table 6.1: Comparison of RBF network models in approximating the mass air flow
in the automotive engine intake system. (The results from the heuristic approaches are

based on 20 runs)

Algorithm Model size Training error Test error Run-time

FRA 23 0.034 0.0349 0.22s
OLS 23 0.0365 0.0367 7.16s
TSS 18 0.0339 0.0349 6.43s
TSS+LR 14 0.038 0.0385 0.42s
TSS+LOO 6 0.0635 0.0706 7.43s
TSS+LR+LOO 13 0.0369 0.0379 115.42s
TSS+PSO 12 0.0321± 0.0015 0.0324± 0.0020 2.38s
TSS+DE 13 0.0320± 0.0011 0.0322± 0.0015 5.38s
TSS+PSO+LOO 17 0.0326± 0.0026 0.0335± 0.0033 10.96s
TSS+DE+LOO 18 0.0324± 0.0018 0.0328± 0.0020 21.7s
TSS+ELM 16 0.0322± 0.0012 0.0329± 0.0013 3.14s
TSS+ELM+LOO 10 0.0429± 0.0084 0.0452± 0.0092 12.91s

6.1.3 Air leak fault detection

The models derived in the last section were then used for fault detection. Firstly, those

models were applied to both fault-free and faulty data to generate residuals e. Then,

the Q (Q , e2) statistic was used to extract the statistical differences.
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Figure 6.4: Prediction of RBF network produced by PSO assisted two-stage selection

The value of the Q statistic approximately follows a central χ2 distribution [126]. There-

fore, the confidence limits for fault detection can be estimated first, and then set as the

tolerances. Specifically, the 99% and 95% confidence limits were obtained from the

prediction of fault-free data, and these two values were then set as the tolerances for

detecting faulty conditions. Table 6.2 - 6.4 illustrate the fault detection capability of the

developed models. The upper limit represents the 99% confidence, whereas the lower

one is for 95%.

Table 6.2: Comparison of performances in detecting 2mm air leak fault. (The lower
limit indicates a 95% confidence level while the upper limit represents 99% confidence;
The values in percentage show the rates of successfully detected points from a total
number of 1436 samples. The results from heuristic approaches are based on 20 runs)

Algorithm Model size Lower limit Upper limit

FRA 23 69.18% 49.37%
OLS 23 66.39% 47.98%
TSS 18 69.67% 47.98%
TSS+LR 14 64.99% 44.28%
TSS+LOO 6 46.03% 29.85%
TSS+LR+LOO 13 67.29% 45.05%
TSS+PSO 12 (72.06± 2.29)% (50.03± 3.78)%
TSS+DE 13 (72.40± 1.52)% (48.48± 3.54)%
TSS+PSO+LOO 17 (70.63± 3.24)% (48.93± 4.95)%
TSS+DE+LOO 18 (71.17± 2.13)% (47.34± 4.45)%
TSS+ELM 16 (70.85± 1.94)% (51.73± 2.95)%
TSS+ELM+LOO 10 (60.63± 5.94)% (42.33± 7.69)%

These results suggest that the number of violations naturally increases as the fault grows.
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Table 6.3: Comparison of performances in detecting 4mm air leak fault. (The lower
limit indicates a 95% confidence level while the upper limit represents 99% confidence;
The values in percentage show the rates of successfully detected points from a total
number of 1436 samples. The results from heuristic approaches are based on 20 runs)

Algorithm Model size Lower limit Upper limit

FRA 23 79.36% 61.79%
OLS 23 76.15% 59.69%
TSS 18 79.92% 60.81%
TSS+LR 14 75.31% 56.49%
TSS+LOO 6 56.76% 38.63%
TSS+LR+LOO 13 75.80% 57.32%
TSS+PSO 12 (82.66± 2.79)% (62.55± 3.23)%
TSS+DE 13 (83.51± 1.92)% (61.20± 3.08)%
TSS+PSO+LOO 17 (81.06± 3.29)% (61.34± 4.41)%
TSS+DE+LOO 18 (81.95± 2.70)% (60.25± 4.05)%
TSS+ELM 16 (80.02± 2.34)% (64.28± 1.98)%
TSS+ELM+LOO 10 (70.19± 5.50)% (54.17± 8.47)%

Table 6.4: Comparison of performances in detecting 6mm air leak fault. (The lower
limit indicates 95% confidence level while the upper limit represents 99% confidence;
The values in percentage show the rates of successfully detected points from a total
number of 1436 samples; Results from heuristic approaches are still based on 20 runs)

Algorithm Model size Lower limit Upper limit

FRA 23 88.98% 71.20%
OLS 23 86.40% 70.85%
TSS 18 88.77% 71.06%
TSS+LR 14 84.17% 66.53%
TSS+LOO 6 66.18% 50.98%
TSS+LR+LOO 13 85.43% 66.46%
TSS+PSO 12 (90.31± 1.67)% (72.15± 3.17)%
TSS+DE 13 (90.69± 1.16)% (71.10± 3.19)%
TSS+PSO+LOO 17 (89.26± 2.83)% (70.75± 4.59)%
TSS+DE+LOO 18 (89.87± 1.53)% (69.90± 4.07)%
TSS+ELM 16 (89.12± 1.59)% (73.40± 2.08)%
TSS+ELM+LOO 10 (78.52± 6.07)% (64.31± 6.93)%

However, some of the faults were not successfully detected while the engine runs within

particular operating regions. For example, when the operating point of throttle position

was very high, the manifold pressure is close to the atmospheric pressure, and thus less

air escapes from the leak. This situation can be demonstrated by testing the model on

faulty data which is generated from the NEDC cycle. The throttle position with this

cycle varies within a smaller range and therefore the fault was easier to detect.
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6.2 Modelling power consumption in polymer extrusion

Plastics processing is one of the major industries, both within the UK and worldwide,

making a considerable economic contribution. The growth of the plastics industry has

been remarkable as more traditional materials are replaced by plastic. However, the

processing plant is expensive in terms of energy (gas or electricity), especially in extrud-

ers which involve 50% of the total process energy [127]. The efficiency of both existing

extruders and new designs are therefore critical to enable manufacturers to survive in a

highly competitive market.

A typical extruder normally consists of a rotating screw assumed to be inside a heated

barrel. The polymer granules are fed, melted, and conveyed to a die along the extruder

(see Figure 6.5). Generally, the main energy loss is usually from the heated barrel due to

inefficient insulation. However, the operating conditions have also been shown to affect

the overall efficiency more significantly [128]. These include an unnecessarily high barrel

temperature, poor heat transfer from heater bands to the barrel, or a low rotational speed

of the screw. Thus, selecting optimum processing conditions could reduce unnecessary

energy usage which is important to achieve a better overall process efficiency.
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Figure 6.5: A typical structure of single screw extruder (The number in circle shows
three screw zones which are solids conveying, melting, and metering)

Unfortunately, most operational parameters are correlated in practice. The increase in

screw speed reduces the specific energy consumption (SEC) (the energy consumed by

the motor to produce 1g of extrudate), but the motor power consumption is inevitably

increased and the required quality of melt output may not be achieved due to the
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reduction in material residence time [129, 130]. Therefore, the selection of optimal

operational conditions depends on all related objectives, including the energy efficiency

and product quality.

Optimization usually depends on an accurate mathematical description of the process.

However, little has been done in modelling the extrusion process. In [131], a mathemati-

cal model was proposed to calculate the power consumption per channel in a single screw

extruder based on screw speed, material viscosity and a few other machine geographical

parameters. However, no details were provided regarding the model performance or pre-

dictions. Recently, an non-linear polynomial model was developed to analyse the effects

of process settings on motor power consumption [132]. The performance of the model

obtained was validated in processing two different polymer materials. In this chapter,

the accuracy of such a mathematical model is further improved by adopting radial basis

function network. All the earlier mentioned subset selection algorithms will be assessed

in terms of producing suitable RBF network models for this applications.

6.2.1 Plant description [132]

The experiment data was collected from a single screw extruder (Davis Standard BC-

60) installed at Queen’s University Belfast (see Figure 6.6). A tapered screw with 3:1

compression ratio (Feed-4D, Compression (or Melting)-10D, Metering-10D) was used

to process the polymer materials. The extruder was fitted with an adaptor prior to a

short cylindrical die with a 12mm bore. The barrel has four separate temperature zones

equipped with Davis Standard Dual Therm controllers.

A separately-excited direct current (SDEC) motor (460 Vdc, 50.0 hp, 30.5 kW at 1600

rpm) was utilized to drive the screw through a gearbox with fixed ratio 13.6 : 1. The

motor speed was controlled by a speed controller (MENTOR II) with feedback measured

by a tachometer.

Further, the extruder was instrumented with two high voltage probes to collect armature

and field voltage data (Testoon GE8115) and two current probes to measure armature

and field currents (Fluke PR430 and PR1001). All data was acquired at 10kHz using a

16-bit DAQ card (National Instruments PCMCIA 6036E) through a SC-2345 connector

box and was managed in LabVIEW. Amplification was applied to the armature and field

current signals.
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Figure 6.6: BC-60 Davis Slandered single screw extruder installed at Queen’s Uni-
versity Belfast (The diameter is 63.5mm)

Experimental trials were carried out on two different materials: a virgin high density

polyethylene (HDPE), HM5411, from BP Chemicals Ltd (MFI - 0.12g/10min and density

- 0.952g/cm3) and a recycled extrusion grade black HDPE (MFI -0.16g/10min, density

- 0.967g/cm3, and ∼2.5% carbon black) provided by Cherry Pipes Ltd. The values of

melt flow index (MFI) were presented under the ISO 1133 standard (190◦C, 2.16kg).

In this test, recycled black HDPE, (RH), and virgin HDPE, (VH), are referred to as

recycled material and virgin material respectively.

6 C. Abeykoon, M. McAfee, K. Li, P. J. Martin, J. Deng, A. L. Kelly

per gram of extrudate at 10 and 30rpm; this may be due to severe convey-
ing problems during those tests as evident by the very low mass throughput
rates. However, in general the SECmotor reduces as the screw speed increases.
The lowest energy consumption was at 90rpm for both materials. Moreover, the
SECmotor decreases as barrel temperature increases, this may be due to the
reduction of material viscosity particularly close to the barrel wall which results
in lower frictional forces on the screw. Also, back pressure generation is lower
with lower viscosity conditions which increases the throughput rate.

4 Modelling

4.1 System model identification

The main aim of this work was to model the effects of process settings on the
motor power consumption. Firstly the model inputs and outputs were identified.
Five model inputs (u1-u5 ) and one output (y1 ) were considered for modelling
as illustrated in Figure 2.
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Fig. 2. Extruder model with selected inputs and output

Inputs: screw speed (N ), barrel set temperatures (Tb) at each zone (T1, T2, T3, T4).
The set temperatures of the clamp ring, the adapter, and the die were always
equal to T4 in this study. If these values are different from T4, it is possible to
add them as three different model inputs.

Output: Motor power consumption (Mp)

4.2 Model development

Each experimental trial was run over nine minutes for each set of process settings.
Process signals were unsteady and contain transients within the first few minutes.
Therefore, the data collected over the 7th and 8th minutes by the 10Hz sampling
rate were used for model validation and development respectively. According to
Figure 1.a, the extruder motor power consumption can be assumed as a function
of N and Tb;

Mp = f(N,Tb) (2)

Figure 6.7: Measured signals in a single screw extruder

Three experimental trials were carried out on each material under different heating

temperatures. Table 6.5 presents the relative operation conditions, where A, B, and C

represent low, medium, and high temperatures respectively (see Figure 6.7 for sensor
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locations). The screw speed was adjusted from 10 rpm to 90 rpm in steps of 40 rpm in

tests A and C, and in steps of 20 rpm in test B. Each test lasted about nine minutes.

Table 6.5: Extruder barrel temperature settings (T1 - T4 indicate different zones as
shown in Figure 6.7. The temperature of clamp ring, adapter, and die are similar to

T4)

Test T1 T2 T3 T4

A 130◦C 155◦C 170◦C 180◦C
B 140◦C 170◦C 185◦C 200◦C
C 150◦C 185◦C 200◦C 220◦C

As a SEDC motor was used to drive the screw, the total motor power consumption was

calculated as the sum of the field and armature energy usage. Figure 6.8a illustrates the

average motor power consumption over the last five minutes (4-9 minutes) under different

screw speeds and barrel temperature settings. Generally, the increase in motor power

consumption is proportional to the screw speed, but the rate of increase of motor power

reduces at higher screw speeds. This was expected due to a reduction in the polymer

viscosity with shear-thinning, resulting in lower back-pressure than would otherwise

occur.

Modelling the Effects of Operating Conditions on Motor Power Consumption in SSE 5

A and C and in steps of 20rpm in test B, with the extruder running for about
nine minutes at each speed.

3 Calculation of motor power

A three phase a.c. supply was connected to the motor which is converted to a d.c.
current via full wave rectification. Root mean square (rms) values of the armature
current, field current, armature voltage, and field voltage signals were calculated
from the measured instantaneous signals. The original power supply frequency
was 50Hz and r.m.s. values were calculated over each period where one period is
equal to 0.02s from the data measured at the 10kHz sampling rate. Afterwards,
the calculated power signals at 50Hz were down sampled to 10Hz by calculating
the average values of each of the five data points. Both armature and field power
consumptions were calculated. Finally, the total motor power consumption was
given by the sum of the field and armature power consumptions.

0 20 40 60 80 100
1

3

5

7

8

11

 

 

A-RH
A-VH
B-RH
B-VH
C-RH
C-VH

0 20 40 60 80 100
0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

 

 
A-RH
A-VH
B-RH
B-VH
C-RH
C-VH

 
 
 
 
 
 
 
 
 
 
 
 

M
ot

or
 p

ow
er

 c
on

su
m

pt
io

n 
(k

W
) 

Screw speed (rpm) 

SE
C

 o
f t

he
 m

ot
or

 (k
J/

g)
 

Screw speed (rpm) 
a b 

Fig. 1. Motor power consumption for RH and VH materials processing from 10-90rpm

Figure 1.a shows the average motor power consumption over last five minutes
(4-9 minutes) at different screw speeds and barrel set temperatures. In general,
motor power consumption increases as screw speed increases during processing
of both materials. The rate of increase of motor power reduces at higher screw
speeds. This was expected due to a reduction in the polymer viscosity with shear-
thinning, resulting in lower back-pressure than would otherwise occur. The motor
specific energy consumption (SECmotor) was also calculated from the average
motor power data over the same five minute period and the measured melt
output rate (ṁ) according to equation (1).

SECmotor = Motor Power/ṁ (1)

Figure 1.b shows the variations in the motor specific energy demand over differ-
ent processing conditions. The virgin material consumed relatively high power

Figure 6.8: Motor power consumption under different operation conditions (a: Mea-
surements from RH material; b: Measurements from VH material)

The motor specific energy consumption is also presented in Figure 6.8b. It is clear that

the virgin material consumed relatively more power per gram of extrudate at screw

speeds of 10 and 30 rpm. This may be caused by the severe conveying problems during

those tests. However, the motor specific energy consumption normally reduces as the

screw speed increases. The lowest energy consumption was at 90 rpm for both materials.

Moreover, the motor SEC decreased as the barrel temperature increased. This may be

135



Chapter 6. Practical applications Polymer extrusion

due to the reduction of material viscosity particularly close to the barrel wall which

resulted in lower frictional forces on the screw.

6.2.2 Modelling of motor power consumption

It has been shown in previous work that a linear model is not sufficient in approximation

the underlying relationships [132]. Therefore, a RBF network was again employed and

all the new algorithms discussed previously were assessed in producing such a non-

linear model. According to the experimental descriptions, the extrusion system was

only excited at some specific points. Thus, the number of data samples was too small

for model optimization. However, there were some variations in each variable and model

training was still performed using 1440 data points (the data collected was down-sampled

to 2Hz) while model validation was carried out on another data set collected under the

same conditions. The input vector was pre-determined as [T1, T2, T3, T4, N ] where N

represents the screw speed. The original data was also normalised to lie within [−1, 1].

As the modelling of the recycled material and virgin material were similar, only the

former results are presented.

The Gaussian width was set to 1 in the conventional model selection methods, while

the control parameters for the heuristic approaches were as in the previous application.

With all 12 algorithms applied to the training and test data, the performances of the

RBF networks produced are compared in Table 6.6.

Table 6.6: Comparison of RBF network models in predicting the motor power con-
sumption. (Data were normalised to be in [−1, 1]. The results from the heuristic

approaches were based on 20 runs)

Algorithm Model size Training error Test error Run-time

FRA 12 0.0306 0.0339 0.29s
OLS 13 0.0499 0.0527 15.61s
TSS 9 0.0341 0.0359 4.03s
TSS+LR 12 0.0268 0.0296 0.40s
TSS+LOO 9 0.0341 0.0359 30.92s
TSS+LR+LOO 13 0.0268 0.0296 4.46s
TSS+PSO 7 0.0286± 0.0019 0.0314± 0.0019 1.46s
TSS+DE 7 0.0301± 0.0037 0.0320± 0.0029 3.06s
TSS+PSO+LOO 11 0.0266± 0.0002 0.0295± 0.0005 8.24s
TSS+DE+LOO 11 0.0266± 0.0002 0.0295± 0.0004 14.51s
TSS+ELM 9 0.00270± 0.0006 0.0302± 0.0008 2.40s
TSS+ELM+LOO 8 0.0311± 0.0061 0.0338± 0.0059 21.56s
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Chapter 6. Practical applications Summary

The results show that PSO based two-stage selection still produced the best model

with less complexity and lower training and test errors. The assistance of Bayesian

regularisation, once again, helped to reduce the cycling issue in the model refinement

stage. The use of leave-one-out cross validation involved more computation, but the

resultant RBF networks were compact and performed well. Figure 6.9 illustrates the

prediction performance of the RBF network constructed by locally regularised two-

stage selection. However, the model obtained cannot be used for analysing the effect of

operational conditions as the extrusion system was only excited at some specific points.

A proper design of input signals is therefore needed to fully excite the extrusion process.
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Figure 6.9: Prediction performance of the RBF network model from locally regu-
larised two-stage selection (solid line: motor power consumption based on measure-

ments in processing recycled material; dotted line: model output)

6.3 Concluding summary

Due to the strict legislation on emissions, engine fault detection and diagnosis plays

an important role in the automotive industry. However, the increasing complexity of

modern engines results in conventional techniques being insufficient in dealing with such

issues. Model-based alternatives are therefore becoming widely accepted. The success

of fault detection depends highly on the accuracy of the mathematical description, so

advanced model construction approaches are essential.
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In this chapter, the algorithms proposed in earlier chapters were first applied to build

a non-linear model of the engine intake system. Fault detection performances was then

analysed based on the resultant model prediction errors. The data was collected using

the modified identification (MI) driving cycle, while three levels of air leak faults were

simulated by introducing different sizes of holes into the engine intake manifold. The

model output was chosen as the mass air flow, which was more sensitive to these faults.

The modelling results showed that particle swarm optimization based two-stage selec-

tion was more capable of building an accurate RBF network model with less hidden

nodes. The differential evolution based alternative produced a similar model with more

computational time and a slightly increased model size. Bayesian regularisation still

showed its promise in preventing over-fitting and reducing unnecessary evaluations of

insignificant centres at the model refinement stage. By contrast, leave-one-out cross val-

idation produced severe cycles of elimination and re-selection of the same centre, leading

to more computational time. The fault detection performances, once again, confirmed

the accuracy of the non-linear models produced.

Another application from the polymer processing industry was also examined. Gen-

erally, the energy waste occurs while the extrusion machine runs under non-optimized

conditions. In order to analyse the effects of operation conditions on the energy con-

sumption and product quality, a mathematical model is required. In this chapter, motor

power consumption was modelled based on the screw speed and barrel temperatures.

The different algorithms were then applied to build such a non-linear model. Though

the data collected was limited in covering the non-linearities of underlying process, the

experimental results still illustrated the characteristics of the different algorithms. Their

performances proved similar to the previous application, with the heuristic approaches

again showing their advantages over the conventional alternatives.

Unfortunately, the motor power consumption models obtained cannot be used for analysing

the effects of operating conditions as the extrusion process was only excited at some spe-

cific points. The input signals need to be properly designed to fully excite the whole

system. The input dynamics also need to be considered for such a slow process, to-

gether with other relative conditions, such as the atmosphere temperature and product

viscosity.
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The next chapter will conclude this thesis and present some suggestions for possible

future work.

139



Chapter 7

Concluding summary and future

work

The main objective of data-driven modelling is to build as simple as possible a mathe-

matical representation which performs well on fresh data. This involves the optimization

of both model structure and coefficients from limited data samples. For linear models,

the optimization techniques (such as the least-squares (LS)) are well developed. For

non-linear modelling, such optimization becomes more difficult. Basically, suitable non-

linear optimization techniques can be divided into two categories: local optimization

and global optimization. The former includes gradient-based algorithms and non-linear

least squares while the latter consists of heuristic approaches, such as the genetic algo-

rithm (GA) and Tabu search (TS). Unfortunately, all non-linear optimization techniques

require a high computational effort. One solution to this issue is to employ models that

have a linear-in-the-parameters (LIP) structure. The widely used NARX (non-linear

autoregressive with exogenous inputs) model and the RBF network are of this type.

Generalized Fisher discriminant analysis based on a kernel approach can also be trans-

ferred to a LIP model for two-group classification problems.

In LIP models, each term is a combination of non-linear functions and their coefficients

can be estimated linearly. The main problem in using a LIP model is that a large

number of non-linear terms are usually required to achieve satisfactory accuracy. Ridge

regression can be utilized to eliminate non-significant term by forcing their coefficients

close to zero. However, the high computational effort involved makes this feasible only on
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small models. Another alternative is subset selection which chooses the most significant

terms by evaluating their contribution to some cost function. Forward subset selection

is the most efficient type widely applied. These include orthogonal least squares (OLS)

and the fast recursive algorithm (FRA). Unfortunately, the interaction between model

terms causes the such selection procedure to be non-optimal as previously selected terms

produce a constraint while calculating the contribution of new one. To overcome this,

the two-stage selection (TSS) algorithm has been proposed in the literature, where the

significance of selected model terms are reviewed at a second refinement stage. The work

in this thesis was based on this TSS method with other optimization techniques being

incorporated.

In order to analyse the relationship between model complexity and generalisation, the

modelling error can be decomposed into a bias error and a variance error. The former

decreases as more terms are added to model while the latter becomes larger on too

complex models. A trade-off between these two types of errors therefore needs to be

considered in model structure optimization. However, conventional subset selection

methods usually choose the sum-squared error (SSE) as a cost function, which involves

the bias error only. Thus, the model can easily be built to fit the noise, leading to an

unnecessarily complex model with poor generalisation on fresh data.

Bayesian regularisation has proven to be useful in preventing over-fitting. This is

achieved by assigning each model term a hyperparameter whose value can then be iter-

atively adjusted based on the training data. Similar to ridge regression, large values of

such hyperparameters will force the associated model coefficients to be near zero. The

related terms can then be removed as they are insignificant in model approximation. In

chapter 3, Bayesian regularisation was effectively integrated into two-stage selection to

prevent over-fitting in LIP model construction. Another advantage here is the potential

reduction in overall computational complexity. This is because the cycling of elimination

and reselection of the same term usually occurs at the second model refinement stage,

leading to more computations required than expected. As shown by the run-times in

experimental testing, the regularisation can help to relieve this issue.

Though Bayesian regularisation can prevent an unnecessarily complex model, a criterion

is still required to stop the selection procedure. The commonly used one is some infor-

mation criterion, such as Akaike’s information criterion (AIC) [61] or final prediction
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error (FPE) which provide a trade-off between the bias error and the variance error.

However, most information criteria contain a tuning parameter that has to be carefully

chosen by the user. Such a parameter is application dependent and different values yield

different stop points. An alternative is the more complicated cross validation which uses

the test error to evaluate different models. The extreme case is known as leave-one-out

(LOO) cross validation where a single data sample is removed from the data for valida-

tion, the rest being used for training. The overall modelling error takes the average of

those test errors. By using the LOO criterion, the selection procedure can be automati-

cally terminated at the point when LOO error starts to increase. In chapter 3, the LOO

criterion was also effectively incorporated into the two-stage selection algorithm. Here

the significance of each model term was assessed based on its reduction in LOO error.

However, the experimental results in chapter 5 showed that the stop point is unstable.

The noise on the training data causes variations in the LOO error, leading to either

an under-fitted model due to an early stop, or an over-fitted one due to insignificant

reductions in the LOO error. The cycling issue at the second stage also becomes severe,

as evidenced by the run-times involved. Therefore, the LOO criterion should not be

used when the number of training data samples is large enough or when the signal to

noise ratio (SNR) is small.

By using Bayesian regularisation and leave-one-out cross validation, a compact LIP

model can normally be produced. However, the non-linear parameters in each model

term still need to be pre-determined (e.g. the width of Gaussian function used in RBF

network). Non-optimal values of such parameters still cause more terms to be required

for an acceptable model. Instead of using gradient-based methods, heuristic approaches

were employed in this thesis to optimize these non-linear parameters, leading to improved

compactness and generalisation performance. Specifically, the population-based particle

swarm optimization (PSO) and differential evolution (DE) were combined with the two-

stage selection in chapter 4. Experimental results confirmed the superiorities of these

algorithms over the conventional alternatives. Further, the recently proposed extreme

learning machine (ELM) has proven to be an efficient and effective strategy in non-

linear model construction. The main drawback of the ELM is that a large number of

model terms are usually required due to its stochastic nature. Thus, in chapter 4, the

advanced two-stage selection was introduced to improve the sparsity of models from

ELM. Experimental results from chapter 5 and chapter 6 showed that ELM produced
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similar models to the PSO or DE based alternatives, but the run-times were much

lower. However, the cycling issue at the second stage may becomes severe when using

the extreme learning machine. As a result, it may be preferable only to use the first

stage (FRA) along with the ELM in some applications. Such a method can still produce

better models than the conventional alternatives.

In chapter 5, some benchmarks for non-linear system modelling and classification were

adopted to assess the performances of the proposed algorithms. The former consisted

of two non-linear scalar functions, three chaotic time series, and two dynamic systems,

while the latter contained the well-known two-spiral and chessboard problems and 11

other benchmarks. In the scaler function approximation, the new methods unfortunately

failed to produce better models than OLS, FRA or original two-stage selection. How-

ever, in other experiments, the superiorities of the proposed methods were successfully

confirmed.

In order to further assess the performances of the advanced two-stage selection ap-

proaches, two practical applications were presented in chapter 6. These included model-

based fault detection in an automotive engine intake system and motor power consump-

tion prediction in polymer extrusion process. Model-based fault detection highly de-

pends on the accuracy of the constructed model, so the new methods could be thoroughly

evaluated in such a case. The performances of both the modelling and fault detection,

once again, proved the effectiveness of the new approaches. In motor power consumption

modelling, the data collected was insufficient to cover the underlying non-linearities, but

the advantages of the proposed methods were still shown in the experimental results.

7.1 Research contributions

The original two-stage selection method was thoroughly studied in this work, and based

on this more advanced data-driven approaches were presented. The main contributions

can now be summarised as follows:

• The original FRA and two-stage algorithm were revised so that other optimization

techniques could be easily incorporated.

• The two-stage selection method was extended to multi-output systems.
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• Bayesian regularisation and leave-one-out cross validation were effectively inte-

grated into two-stage selection, while retaining the efficiency by introducing ad-

ditional auxiliary matrices. The concepts involved can also be useful for other

research.

• The cycling of elimination and reselection of the same model term at the second

refinement stage was relieved using simple regularisation; The actual computations

required were therefore reduced.

• The two-stage selection was combined with particle swarm optimization (PSO),

deferential evolution (DE) and the extreme learning machine (ELM) to produce a

more compact model with a better generalisation performance.

• The advanced subset selection approach was applied to two-group classification

using generalised Fisher discriminant analysis.

• The proposed algorithms provide additional options for modelling industrial pro-

cesses with improved prediction and simulation performances.

7.2 Suggestions for future work

Non-linear data-driven modelling is a challenging task in many areas. A satisfactory

model not only depends on the optimal model structure and parameters, but also relies

on excitation signals, input variables, proper selected dynamics, and suitable model

architectures. The two-stage selection algorithm and its variants were proposed for

optimizing linear-in-the-parameters model in this thesis, but it is still possible to apply

for other aspects within the process of data-driven modelling, such as the input selection

or dynamics selection.

As previously mentioned, the cycling, which is the selection and elimination of the

same model term over and over again, usually occurs at the second refinement stage.

It becomes severe when using leave-one-out (LOO) cross validation as the selection

criterion. An investigation of such issue can be performed, and the potential solution

may be helpful for other stepwise selection methods.

The LOO criterion was expected to properly terminated the selection procedure without

any user-controlled parameters. However, the experimental results showed that the stop
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point is not stable due to the noise on training data. By simply stopping the selection

procedure at where LOO error starts to increase, an under-fitted model may be produced

by an early stop, and an over-fitted model may result from insignificant reductions in

LOO error. A threshold could be set to monitor the changes of LOO error, but such

a threshold will still be application dependent as confirmed from many experiments.

A proper strategy to use the LOO error for model selection criterion still needs to be

developed.

Besides the problems found in this work, some further work can be performed based

on the original two-stage selection and those proposed in this thesis. First, Bayesian

regularisation can be used together with heuristic approaches [133]. In chapter 4, the

LOO criterion was integrated with the heuristic approaches, but this was not as helpful

as hoped for. By contrast, the assistance of Bayesian regularisation not only penalises

insignificant model terms, but can also reduce the actual computations required. Sec-

ondly, other heuristic methods, such as ant colony optimization (ACO) and harmony

search (HS), could be investigated and incorporated into the TSS to optimize non-linear

parameters. Other RBF kernels could also be employed instead of the Gaussian function.

For some applications, multiquadric, polyharmonic spline, or the special thin plate spline

might be more suitable for extracting underlying non-linearities. Finally, the advanced

two-stage selection methods could be further applied to more classification problems,

such as least-squares support vector machine (LS-SVM) or discriminant analysis for

multinomial classification problems.
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Simplifying the computation in

integrating Bayesian

regularisation

Updating Rk+1 with Bayesian regularisation

The modified cost function using sum squared error can be expressed as:

J(θ,Λ) = eTe + θTΛθ

= (y −Φθ)T (y −Φθ) + θTΛθ

= yTy − yTΦθ − θTΦTy + θTΦTΦθ + θTΛθ (A.1)

where Λ = diag(λ1, · · · , λn) is the diagonal regularisation matrix. The least-square

estimation of model coefficients θ can be obtained by differentiating (A.1) with respect

to θ.
∂J(θ,Λ)

∂θ
= −ΦTy −ΦTΦθ + Λθ (A.2)

Set the above derivative to zero gives:

θ̂ = (ΦTΦ + Λ)−1ΦTy (A.3)
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At the kth step, define Mk = ΦT
kΦk + Λk. Then, at the (k + 1)th step

Mk+1 = ΦT
k+1Φk+1 + Λk+1

=

 Mk ΦT
kφk+1

φTk+1Φk φTk+1φk+1 + λk+1

 (A.4)

Suppose the reverse of Mk+1 is expressed as

M−1
k+1 ,

 Fk gk

gTk fk

 (A.5)

where Fk ∈ <k×k, gk ∈ <k×1, and fk ∈ <1, then

Mk+1M
−1
k+1 = I =

 MkFk + ΦT
kφk+1g

T
k Mkgk + ΦT

kφk+1fk

φTk+1ΦkFk + (φTk+1φk+1 + λk+1)g
T
k φTk+1Φkgk(φ

T
k+1φk+1 + λk+1)fk


(A.6)

From (A.6),

gTk = − φTk+1ΦkFk

φTk+1φk+1 + λk+1
⇒ gk = − FkΦ

T
kφk+1

φTk+1φk+1 + λk+1
(A.7)

Subscribe (A.7) to(A.6), fk and Fk can be calculated as

fk =
φTk+1φk+1 + λk+1 + φTk+1ΦkFkΦ

T
kφk+1

(φTk+1φk+1 + λk+1)2
(A.8)

Fk =

[
Mk −

ΦT
kφk+1φ

T
k+1Φk

φTk+1φk+1 + λk+1

]−1
(A.9)
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By using the matrix inversion [A+BCD]−1 = A−1−A−1B
[
DA−1B + C−1

]−1
DA−1,

and let

A = Mk

B = ΦT
kφk+1

C = −I

D =
φTk+1Φk

φTk+1φk+1 + λk+1
(A.10)

Fk can be further expressed as:

Fk = M−1
k −M−1

k ΦT
kφk+1

[
φTk+1Φk

φTk+1φk+1 + λk+1
M−1

k ΦT
kφ

T
k+1

]−1
φTk+1Φk

φTk+1φk+1 + λk+1
M−1

k

= M−1
k −

M−1
k ΦT

kφk+1φ
T
k+1ΦkM

−1
k

φTk+1ΦkM
−1
k ΦT

kφk+1 − φTk+1φk+1 − λk+1

(A.11)

The residual matrix R at (k + 1)th step can now be calculated as:

Rk+1 = I−
[

Φk φk+1

] Fk gk

gTk fk

 ΦT
k

φTk+1


= I−ΦkFkΦ

T
k − φk+1g

T
k ΦT

k −Φkgkφ
T
k+1 − φk+1fkφ

T
k+1

= I−ΦkFkΦ
T
k −

φk+1φ
T
k+1ΦkFkΦ

T
k

φTk+1φk+1 + λk+1
+

ΦkFkΦ
T
kφk+1φ

T
k+1

φTk+1φk+1 + λk+1

− φk+1(φ
T
k+1φk+1 + λk+1)φ

T
k+1 + φk+1φ

T
k+1ΦkFkΦ

T
kφk+1φ

T
k+1

(φTk+1φk+1 + λk+1)2

= Rk −
ΦkM

−1
k ΦT

kφk+1φ
T
k+1ΦkM

−1
k ΦT

k

φTk+1Rkφk+1 + λk+1
+
φk+1φ

T
k+1ΦkM

−1
k ΦT

k

φTk+1φk+1 + λk+1

+
φk+1φ

T
k+1ΦkM

−1
k ΦT

kφk+1φ
T
k+1ΦkM

−1
k ΦT

k

(φTk+1φk+1 + λk+1)(φ
T
k+1Rkφk+1 + λk+1)

+
ΦkM

−1
k ΦT

kφk+1φ
T
k+1

φTk+1φk+1 + λk+1

+
ΦkM

−1
k ΦT

kφk+1φ
T
k+1ΦkM

−1
k ΦT

kφk+1φ
T
k+1

(φTk+1φk+1 + λk+1)(φ
T
k+1Rkφk+1 + λk+1)

− φk+1φ
T
k+1

φTk+1φk+1 + λk+1

− φk+1φ
T
k+1ΦkM

−1
k ΦT

kφk+1φ
T
k+1

(φTk+1φk+1 + λk+1)2

− φk+1φ
T
k+1ΦkM

−1
k ΦT

kφk+1φ
T
k+1ΦkM

−1
k ΦT

kφk+1φ
T
k+1

(φTk+1φk+1 + λk+1)2(φ
T
k+1Rkφk+1 + λk+1)

(A.12)
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In order to simplify the calculation of Rk+1, let α = (φTk+1φk+1+λk+1), β = (φTk+1Rkφk+1+

λk+1) and Ψ = (φk+1φ
T
k+1), following (A.12), it shows

αRk+1 = Rk +
X

α2β
(A.13)

where

X = −α2(I−Rk)β(I−Rk) + αβΨ(I−Rk) + αΨ(I−Rk)Ψ(I−Rk)

+ αβ(I−Rk)Ψ + α(I−Rk)Ψ(I−Rk)Ψ− αβΨ− βΨ(I−Rk)Ψ

−Ψ(I−Rk)Ψ(I−Rk)Ψ

= −α2Ψ + α2ΨRk + α2RkΨ− α2RkΨRk + αβΨ− αβΨRk + αΨΨ− αΨΨRk

− αΨRkΨ + αΨRkΨRk + αβΨ− αβRkΨ + αΨΨ− αΨRkΨ− αRkΨΨ

+ αRkΨRkΨ− αβΨ− βΨΨ + βΨRkΨ−ΨΨΨ + +ΨΨRkΨ + RkΨΨ−ΨRkΨRkΨ

= −α2Ψ + α2ΨRk + α2RkΨ− α2RkΨRk + αβΨ− αβΨRk + 2α2Ψ− 2αλk+1Ψ

− α2ΨRk + αλk+1ΨRk − αΨRkΨ + αΨRkΨRk − αβRkΨ− αΨRkΨ

− α2RkΨ + αλk+1RkΨ + αRkΨRkΨ− αβΨ + βλk+1Ψ + βΨRkΨ

− α2Ψ + 2αλk+1Ψ− λ2k+1Ψ + αΨRkΨ− λk+1ΨRkΨ + αΨRkΨ

− λk+1ΨRkΨ−ΨRkΨRkΨ

= −α2RkΨRk − αβΨRk + αλk+1ΨRk + αΨRkΨRk − αβRkΨ

+ αλk+1RkΨ + αRkΨRkΨ + βλk+1Ψ + βΨRkΨ− λ2k+1Ψ

− 2λk+1ΨRkΨ−ΨRkΨRkΨ (A.14)

Since ΨRkΨ = (β − λk+1)Ψ,

X = −α2RkΨRk − αβΨRk + αλk+1ΨRk + αβΨRk − αλk+1ΨRk

− αβRkΨ + αλk+1RkΨ + αβRkΨ− αλk+1RkΨ + λk+1βΨ

+ β2Ψ− βλk+1Ψ− 2λk+1βΨ + 2λ2k+1Ψ− β2Ψ + βλk+1Ψ

+ λk+1Ψ− λ2k+1Ψ− λ2k+1Ψ

= −α2RkRk (A.15)
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As a result,

Rk+1 = Rk −
Rkφk+1φ

T
k+1Rk

φTk+1Rkφk+1 + λk+1
(A.16)

Changing two terms in Rk

Define a k × k permutation matrix T(i,j) that interchanges both the ith and the jth

column in matrix Pk = [p1,p2, · · · ,pk] for 1 ≤ i < j ≤ k, that is

PkT(i,j) = [p1, · · · ,pi−1,pj ,pi+1, · · · ,pj−1,pi,pj+1, · · · ,pk] (A.17)

From the definition of Rk given in (3.2), it holds that

Rk = R(PkT(i,j))

= I− (PkT(i,j))[(PkT(i,j))
T (PkT(i,j)) + TT

(i,j)ΛkT(i,j)]
−1(PkT(i,j))

T

= I−PkT(i,j)T
−1
(i,j)(P

T
kPk + Λk)

−1T−T(i,j)T
T
(i,j)P

T
k

= I−Pk(P
T
kPk + Λk)

−1PT
k (A.18)

or

R(PkT(i,j)) = R(Pk) (A.19)

Therefore (3.51) holds.

Updating the elements in matrix A, C and D

ak,j = (p
(k−1)
k )Tφj

=

(
p
(k−2)
k −

p
(k−2)
k−1 (p

(k−2)
k−1 )Tpk

pTk−1p
(k−2)
k−1 + λk−1

)T
φj

= (p
(k−2)
k )Tφj −

pTk p
(k−2)
k−1 (p

(k−2)
k−1 )Tφi

pTk−1p
(k−2)
k−1 + λk−1

= (p
(k−2)
k )Tφj −

ak−1,kak−1,i
ak−1,k−1 + λk−1

(A.20)
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This process continues until

ak,j = pTkφj −
k−1∑
l=1

(al,kal,j)/(al,l + λl) (A.21)

To obtain (3.59), the above equation is rewritten as

ak,j = φTj pk −
j−1∑
l=1

al,jal,k
al,l + λl

−
k−1∑
l=j

al,kal,j
al,l + λl

= aj,k −
k−1∑
l=j

al,kal,j
al,l + λl

=
aj,kλj
aj,j + λj

−
k−1∑
l=j+1

al,kal,j
al,l + λl

(A.22)

Dividing (A.22) by λj gives

ck,j =
aj,k

aj,j + λj
−

k−1∑
l=j+1

al,kcl,j
al,l + λl

(A.23)

Then according to the definition of di,j , it follows that

di,j = pTi Rj−1yλ
−1
i

= pTi (Rj−2 −
Rj−2pj−1pTj−1Rj−2

pTj−1Rj−2pj−1 + λj−1
)yλ−1i

= pTi yλ−1i −
j−1∑
l=1

al,iblλ
−1
i

al,l + λl

= pTi yλ−1i −
i−1∑
l=1

al,iblλ
−1
i

al,l + λl
−

j−1∑
l=i

al,iblλ
−1
i

al,l + λl

= ai,yλ
−1
i −

ai,ibiλ
−1
i

ai,i + λi
−

j−1∑
l=i+1

al,iblλ
−1
i

al,l + λl

=
bi

ai,i + λi
−

j−1∑
l=i+1

blcl,i
al,l + λl

(A.24)
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Updating the diagonal elements of matrix M−1
k

Referring to [21], the inverse of Mk+1 can be expressed as

M−1
k+1 ,

 Fk gk

gTk fk

 (A.25)

where

Fk = M−1
k +

M−1
k ΦT

kφk+1φ
T
k+1ΦkM

−1
k

φTk+1Rkφk+1 + λk+1
(A.26)

fk =
φTk+1φk+1 + λk+1 + φTk+1ΦkFkΦ

T
kφk+1

(φTk+1φk+1 + λk+1)2
(A.27)

Substituting (3.65) into (A.26) and (A.27) gives

diag(Fk) = diag

(
M−1

k +
(Λ−1k ΦT

kφ
(k)
k+1)(Λ

−1
k ΦT

kφ
(k)
k+1)

T

ak+1,k+1 + λk+1

)

= diag(M−1
k ) +

(Λ−1k ΦT
kφ

(k)
k+1)

2

ak+1,k+1 + λk+1

= diag(M−1
k ) +

c(k + 1)2

ak+1,k+1 + λk+1
(A.28)

fk = (ak+1,k+1 + λk+1)
−1 (A.29)

where c(k+ 1) is the (k+ 1)th row of matrix C with elements from column 1 to column

k. As a result, the diagonal element of M−1
k+1 can be calculated from (A.28) and (A.29),

and thus can be updated recursively as shown in (3.91).
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